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EXISTENCE OF A STABLE BLOW-UP PROFILE FOR THE NONLINEAR HEAT 
EQUATION WITH A CRITICAL POWER NONLINEAR GRADIENT TERM 

SLIM TAYACHI AND HATEM ZAAG^ 


Abstract. We consider the nonlinear heat equation with a nonlinear gradient term: dtu = Aw + 
/r|VM|'^ + \u\‘^~^u, fi > 0, q = 2pl{p+ 1), p > 3, t £ (0,T), x € R^. We construct a solution 
which blows up in finite time T > 0. We also give a sharp description of its blow-up profile and show 
that it is stable with respect to perturbations in initial data. The proof relies oir the reduction of the 
problem to a finite dimensional one, and uses the index theory to conclude. The blow-up profile does 
not scale as (T — t)^^^|log(r — like in the standard nonlinear heat equation, i.e. p = 0, but 

as (T — log(r — t)\^ with /3 = (p -|- l)/[2(p — 1)] > 1/2. We also show that u and Vu blow up 
simultaneously and at a single point, and give the final profile. In particular, the final profile is more 
singular than the case of the standard nonlinear heat equation. 


1. Introduction and statement of the results 

We consider the problem 

dtu = Au + + \u\^~^u, (1.1) 

n(.,0) =no G 1U^’°°(M^), 

where u = u{x, t) G M, t G [0, T), x G and the parameters //, p and q are such that 

2n 

/X > 0, p > 3, q = ——. (1.2) 

p + 1 

Equation (11.11) is wellposed in 1U^’°°(M^). See [21 Proposition 4.1, p. 18], [35l Corollary 3, p. 67] and 
|36j for p < 0. The proof for the case p > 0 follows similarly, using a fixed point argument. Precisely, 
there exists a unique maximal solution on [0,T) of (II.ip with T < oo. Moreover, according to |2], since 
p > 1 and 1 < <7 < 2, nonglobal solutions, i.e. solutions with T < oo, blow up in the L°°-norm. 

The value q = 2p/(p -|- 1) is a critical exponent for the equation (11.11) for different reasons. One 
reason is that, when q = 2p/(p -|- 1), equation (|l.ip is invariant under the transformation: ux{t,x) = 
A2/(p-i) 

Xx), as for the equation without the gradient term, that is p = 0. Another reason is 
related to the behavior of global or blowing up solutions. Indeed, it is proved in [301 [29] that when 
p 7 ^ 0, the large time behavior of global solutions of (jl.ll) depends on the position of q with respect 
to 2p/(p -|- 1). On the other hand, it is pointed out in some previous works that the position of q 
with respect to 2p/(p -|- 1) has an influence on the behavior of blowing up solutions for p < 0. See 
IHElEIllMl [331 ® ES] and references therein. 

Many works has been devoted to the blow-up profiles for the equation without the gradient term, i.e. 
dni) with p = 0. See and references therein. But, few results are known for the equation 

with p / 0. For self-similar blow-up profiles, see [3l| when q = 2pj{p -|- 1), p < 0 and [l2l [T3| when 
q = 2, p > 0. A blow-up prohle is derived in |8| for the equation (II.ip when q < 2p/(p -|- 1). This 
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blow-up profile is the same as for the standard nonlinear heat equation obtained in |22] . In this paper, 
we are interested in the construction of a blowing up solution, with a prescribed blow-up profile for the 
equation (jl.ip . when q = 2p/{p 1). We have obtained the following result. 


Theorem 1 (Blow-up profile for Equation (jl.llB . Let p, > 0 and p, q be two real numbers such that 


2p 

p+l 


and p > 3. 


(1.3) 


Then, for any e > 0, Equation dni) has a solution u{x,t) such that u and Vu blow up in finite time 
T > 0 simultaneously. Moreover: 

(i) For all t S [0, T), 


{T - t). u{yVT^r-t, t) - / 


^yl.oo(KAf) 


< 


c 


where 


13 = 


p + l 
2(P-1)’ 


1 -h |iog(r-t)| 

/(2) = (p _ 1 + 6|2|2)-F^ , 


j,-\p (4vr)2(p + l)2iV 


P + l 
P-1 


p+l 


+ We-\y\^/'^dy 


p p-i > 0. 


and C is a positive constant. 

(ii) The functions u and Vu blow up at the origin and only there. 

(hi) For all x + 0, u{x, t) — u*{x) as t ^ T m (-^ < |x| < ii) for any R > 0, with 


u* ix) 


h\x\ 


1 

P-1 


P + l 

,[2|log+||]p-h 


, as X ^ 0, 


and for |x| small, 


|V7X*(x)| < C- 


_ p+l 

\x\ P-1 


l-3p D 


if 3 <p <7, 


log |x|| (p-i) 


_ p+l 

— '""' +1-. . 'fp>r 

|log|x|| 2 (p-l)^ 

where C is a positive constant. 

Remark 1.1. From the previous Theorem, we have for all t G [0, T), 

b\x\^ X -i/(p-i) 


(r — ^+(x, t) — — 1 -i- 


{T - t)\log{T - t)\(pM)/{p-i) 




< 


c 


1-F |log(T-i)r“Vp-i’2(p-i) 
where C is a positive constant. 


(1.4) 

(1.5) 

( 1 . 6 ) 

(1.7) 

( 1 . 8 ) 

(1.9) 
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Remark 1.2. To have a flavor of the appearance of the particular shape for our profile in (|1.5I) 
together with the scaling factor (5 and the parameter h in (jl.6j) . see the formal approach in Section 2 
below. However, we would like to emphasize the fact that in the actual proof, those particular values 
are crucially needed in various algebraic identities. See the Remark 14.111 following Lemma 14.101 below 
and Proposition 14.18l below. 

Remark 1.3. The initial data giving rise to the constructed solution is given in Proposition 14.21 below. 


Remark 1.4. Note that the solution constructed in the above theorem does not exist in the case of the 
standard nonlinear heat equation, i.e. when /r = 0 in (11.11) . Indeed, our solution has a profile depending 
on the reduced variable 

X 

whereas, we know from the results in [mcn] that the blow-up profiles in the case /z = 0 depend on the 
reduced variables 

X X , „ . . 

z =-r or z = -where m > 2 is an integer. 

^/ 2 ^| log (^-^)|2 ( T - t )^ 

Remark 1.5. We conjecture that identity (jl.7p holds also after differentiation. Unfortunately, we have 
been able to derive only the weaker results given in (jl.Sp and (|1.9p . 


Remark 1.6. In the case /z 


0, the final profile of the standard nonlinear heat equation is given by 
|2 


zzS(x) ~ C 


X 


|log |x| 


1 

P-1 


as X —>■ 0, 


( 1 . 10 ) 


where U is a positive constant (see [ID]). In our case, ( /z > 0), the final profile is given by (|1.7p . Let 
us denote it by zz*. Since 1 < g < 2, n* is more singular than zzq for x close to 0, in the sense that 

zzq(x) <C u* (x), as X ^ 0. 

This shows the effect of the forcing gradient term in equation (jl.ip with /z > 0 in the equation. 

On the other hand, heuristically, zz* and zzg have the same singularity near x = 0 for the limiting case 
q = 2 (that is when p —)• oo). 

Let us note that in [33] and with ^ < 0 in the equation (jl.ip . that is with a damping gradient term in 

2 

the equation, a less singular finale profile is obtained: z;*(x) ~ |x| as x ^ 0. 


Remark 1.7. We strongly believe that our strategy breaks down when 1 < p < 3. See the remark 
following Lemma l4. lUI below. 


As a consequence of our techniques, we show the stability of the constructed solution, with respect 
to perturbations in initial data. More precisely, we have obtained the following result. 


Theorem 2 (Stability of the blow-up profile (ll.4p i. Let p > 0 and p, q be two real numbers such that 


p > 3 and q 


2p 

p+l' 


( 1 . 11 ) 


Let u be the solution of (|l.ip given by Theorem [I] with initial data zzq and which blows up at time T. 
Then, there exists a neighborhood Vq of uq in IU^’°°(M^) such that for any uq G Vq, Equation dnD has 
a unique solution u with initial data zzq, zz blows up in finite time T{uo) and at a single point a(zzo). 
Moreover, items (i)-(iii) of Theorem\^ are satisfied by zz(x — a,t) and 

T(zzo) —>■ T, a(zzo) —)■ 0, as uq uq in VU^’°°(R'^). 


Remark 1.8. In fact, we have a stronger version of the stability theorem, valid for single-point blow-up 
solutions of equation dni, enjoying the profile (11.51) only for a sequence of time. See Theorem [2l in 
page [58] below. 
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Let US give an idea of the methods used to prove the results. We construct the blow-up solution with 
the profile in Theorem [H by following the methods of [4] and m, though we are far from a simple 
adaptation, since the gradient term needs genuine new ideas as we explain shortly below. This kind of 
methods has been applied for various nonlinear evolution equations. For hyperbolic equations, it has 
been successfully used for the construction of multi-solitons for the semilinear wave equation in one 
space dimension (see 0)- For parabolic equations, it has been used in |19] and m for the complex 
Ginzburg-Landau equation with no gradient structure. See also the cases of the wave maps in [25], 
the Schrodinguer maps in [21], the critical harmonic heat follow in [26], the two-dimensional Keller- 
Segel equation in m and the nonlinear heat equation involving a subcritical nonlinear gradient term 
in [8]. Recently, this method has been applied for a non variational parabolic system in [24] and for a 
logarithmically perturbed nonlinear heat equation in |23j . 

Unlike in the subcritical case in [8], the gradient term in the critical case induces substantial changes 
in the blow-up profile as we pointed-out in the comments following Theorem [1] Accordingly, its control 
requires special arguments. So, working in the framework of [22], some crucial modihcations are needed. 
In particular, we have to overcome the following challenges: 

- The prescribed profile is not known and not obvious to find. See Section [2] for a formal approach 
to justify such a prohle, and the introduction of the parameter (3 given by (I2.22h below. 

- The profile is different from the prohle in [22], hence also from all the previous studies in the 
parabolic case ([2211811231121]). Therefore, brand new estimates are needed. See Section HI below. 

- In order to handle the new parameter (3 in the prohle, we introduce a new shirking set to trap the 
solution. See Dehnition 14.21 below. Finding snch a set is not trivial, in particular the limitation 
p > 3 in related to the choice of such a set. 

- A good understanding of the dynamics of the linearized operator of equation (12.21) below around 
the new prohle is needed, taking into account the new shrinking set. 

- Some crucial global and pointwise estimates of the gradient of the solution as well as hne 
parabolic regularity results are needed (see Section [4.2.31 below). 

Then, following [22], the proof is divided in two steps. First, we reduce the problem to a hnite dimen¬ 
sional one. Second, we solve the hnite dimensional problem and conclude by contradiction, using index 
theory. 

To prove the single point blow-up result for the constructed solution, we establish a new “no blow¬ 
up under some threshold” criterion for a parabolic inequality with a nonlinear gradient term. See 
ProDosition l5.1l below. The hnal blow-up prohle is determined then using the method of [iQ], Proposition 
15.11 and [20] . 

The stability result. Theorem [J] is proved similarly as in [22] by interpreting the hnite dimensional 
problem in terms of the blow-up time and the blow-up point. 


Let us remark that if u is a solution of equation (II.ip . then 

u{x,t) = u ^x'j , t G 0,/i^r^ , X G 


is a solution of the equation 
Also, 

is solution of the equation 
And for 6 1, 


u 


dtu = Au + \Vu\'^ + 

{x, t) = u x) , t £ [0, fiT) , X G 

dtu = ^i-^Au + |Vn|« + fi-^\u\P-^u. 


u{x,t) = X‘^/^P-^'^u{X^x,Xh), X = t G 


0, /i T) , X G 


tN 
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is solution of the equation 

dtu = + |Vu|^ + \u\P-\. 

Then, since Theorem [1] is valid for all /r > 0, we obtain the blow-up profile for a perturbed Viscous 
Hamilton-Jacobi (VHJ) equation, as well as for a perturbed Hamilton-Jacobi (HJ) equation, and non¬ 
linear Hamilton-Jacobi (NHJ) equation. More precisely, this is our statement: 

Corollary 3 (Blow-up in the Hamilton-Jacobi style). Theorems\^ and\M yie.ld stable blow-up solutions: 

(i) For the perturbed VHJ equation: 

dtU = Art -I- iVttl'^ -I- with u > 0, 3/2 < q < 2, p = —-—. 

2-q 

(ii) For the perturbed HJ equation: 

dtu = iVul*^ -|- p'Art -|- with u > 0, 3/2 < q < 2, p = ——. 

2 — q 

(iii) For the perturbed NHJ equation: 

dtu = |Vn|'^ -|- \uY’~^u + n''Au, with v" > 0, 3/2 < q <2, p = —. 

2 — q 

In the three cases, the solutions and their gradients blow up simultaneously and only at one point. 
The blow-up profile is given by o with appropriate scaling. 

The organization of the rest of this paper is as follows. In Section 2, we explain formally how we 
obtain the the profile and the exponent (5. In Section 3, we give a formulation of the problem in order to 
justify the formal argument. Section 4 is divided to two subsections: In subsection 4.1 we give the proof 
of the existence of the profile assuming the technical results. In particular, we construct a shrinking 
set and give an example of initial data giving rise to the prescribed blow-up profile. Subsection 4.2 is 
devoted to the proof of the technical results which are needed in the proof of the existence. Section 5 is 
devoted to the proof of the single point blow-up and the determination of the final profile. In particular, 
a new “no blow-up under some threshold” is established for parabolic equations (or inequalities) with 
nonlinear gradient terms. See Proposition 15.II below. Finally, in Section 6, we prove the stability result, 
that is Theorem [2] and give a more general stability statement (see Theorem [2l page [58|) . In all the 
paper the notation A B for positive real numbers A and B means that A is very smaller with respect 
to B. 


2. A Formal Approach 


The aim of this section is to explain formally how we derive the behavior given in Theorem [TJ In 
particular, how we obtain the profile in (11.51) . the parameter b and the exponent fi = 2{p-\- I)/(p— I) 
in (11.61) . Consider an arbitrary T > 0 and the self-similar transformation of (jl.ip 


w{y,s) = {T -t)p-^u{x,t), y = s = -log(T-t). (2.1) 

It follows that if u{x,t) satishes (jl.ip for all {x,t) G x [0,r), then w{y,s) satishes the following 
equation: 


dgW = Aw - y ■ Vw - 

2 p 


- 1 


wti\Nw\^-G\w\^ ^w, 




for all (y, s) G R'^ x [— logT, oo). Thus, constructing a solution u{x, t) for the equation (jl.ip that blows 

_L 

up at T < oo like (T — t) p-i reduces to constructing a global solution w{y, s) for equation ()2.2p such 


that 


0 < e < limsup ||r'('S)||loo(]jjjv) 

s—)-oo 



(2.3) 
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A first idea to construct a blow-up solution for (jl.ll) . would be to find a stationary solution for (12.2p . 
yielding a self-similar solution for (jl.ip . It happens that when /r < 0 and p is close to 1, the first 
author together with Souplet and Weissler were able in [3l! to construct such a solution. Now, if /r > 0, 
we know, still from [M] that it is not possible to construct such a solution in some restrictive class of 
solutions (see [341 Remark 2.1, p. 666]), of course, apart from the trivial constant solution re = k of 
), where 




(2.4) 

2.1. Inner 

solution w 1 

expansion. Following the approach of Briemont and Kupiainen in [1], 
such that w ^ K as s ^ oo. Writing 

we may look for a 


W = K + w, 


we see that 

y; —)■ 0 as s ^ oo and satisfies the equation: 



dgW = Cw + B{w) -|- /i Vu; 

(2.5) 

where 

L = A-^y-V + 1, 

(2.6) 

and 

B{W) = u; -|- k\^~^{W + k) — k^ — pK^~^w. 

(2.7) 


Note that 


where C is a positive constant. 


\B{w) - w‘^\ < C\w^\, 

2k 


Let us recall some properties of C. The operator £ is self-adjoint in D{C) C where 


Li 


') = |/g^L(k'^) [ {f{y)fp{y)dy 


< oo 


and 


p{y) = 


-\yr 

e 4 


, y e 


t,N 


(47r)-^/2 

The spectrum of C is explicitly given by 

( v 

spec{C) = |l - T 

It consists only in eigenvalues. For = 1, all the eigenvalues are simple, and the eigenfunctions are 
dilations of Hermite polynomials: the eigenvalue 1 — ^ corresponds to the following eigenfunction: 


m G N 


}■ 


hm.{y) = ^ 


m\ 


—i n\{m — 2n)\ 

n =0 ^ ' 


i-^ry 


,m— 2 n 


( 2 . 8 ) 


In particular ho{y) = 1, hi{y) = y and h 2 {y) = y^ — 2. Notice that hm satisfies: 

/ 771 \ 

hnhmpdx — 2 Tils Jim 3-nd. PLHjyi — j ^rri' 


I 

Jr 


We also introduce 


( _ hm 


For N >2, the eigenspace corresponding to A = 1 — ^ is given by 

{hmi (yi) • • • hrriM (l/Ar) I H- h TUn = m}. 


(2.9) 
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In particular, for A = 1, the eigenspace is {!}, for A = ^, it is {yi | z = 1,..., A^}, for A = 0, it is given 
by {/i 2 ( 2 /i), 2 /i 2 /j I i = 1... ,iV, z / j}. 

In compliance with the spectral properties of £, we may look for a solution expanded as follows: 

W{y,s)= ^ 

(mi ,...,m]v)SN'^ 

Since the eigenfunctions for mi + • • • + rriN > 3 correspond to negative eigenvalues of £, assuming w 
radial, we may consider that 

N 

w{y, s) = wq{s) + W 2 {s) ^ h 2 {yi) = wo{s) + W 2 is){\y\‘^ - 2N), (2.10) 

i=l 


with Wo, W 2 —>• 0 as s —)• oo. 

Projecting Equation (12.5p . and writing /r|Vu;|'^ = fi2'^\y\‘^\w2\‘^, we derive the following ODE system 
for Wo and W 2 ■ 

Ip'o ^ ^ (^0 + 8Nwf) + qo\w 2 \'^ + O (llcol^ + |ul 2 |^) , 

W2 = 0 + - {woW2 + 4 IC 2 ) + C2|lC2r + O (|rco|^ + IWI 2 H , 

where 

Co = //2'? [ |y|V and C 2 = ^ / |y|''(|yp - 2N)p. 

Jrn oA Jrjv 

Note that for this calculation, we need to know the values of 

[ (|y|2 - 2Nfp{y)dy = N [ (|eP - 2fpi0dC = 8N, 

Jr 

[ {\y\^ - 2Nfp{y)dy = N [ (1^' - 2)^p{C)dC = 64iV. 

Jrn Jr 

Note also that the sign of cq and C 2 is the same as for p. Indeed, obviously f^jv \y\‘^p{y)dy > 0, and for 
f^iv |y|'^(|yP — ‘J‘^)p{y)dy, using the radial coordinate r = \y\ and an integration by parts, we write 

-^^=[ \y\‘^i\y\‘^-‘^^)piy)dy = [ \y\'^^‘^piy)dy-2N [ \y\‘^p{y)dy 

2‘^P jRff Jrn Jrn 

=2{q + N) [ \y\ip{y)dy-2N [ {yl'^p{y)dy = 2q [ {y]’^p{y)dy > 0. (2.11) 

Jrn Jrn Jrn 


Erom the equation on we write 


u/2 = C2|tC2|'' (1 + 0 (|tC2p '')) + -WqW2 + O (|tCo|^) , 

Kj 

and assuming that 

\woW2\ < |zn2|'', llcol^ < \W2\‘^, (2.12) 


we get that 


w '2 ~ sign{p)\c2\\w2\'^, 


with sign{p) = 1 if // > 0 and — 1 if /r < 0. 

In particular, if /r > 0, then W 2 is increasing tending to 0 as s —)• 00 hence W 2 < 0, while if /i < 0, W 2 is 
decreasing tending to 0 as s —)• 00 , hence W 2 > 0. Then, since 1 < g < 2, we get 


with 


W2 ~ -sign{p)^^, 

S9-1 


B = [(g- 1)|C2|] ^-1 = 


29 


-2 


N 


9 ( 9 - i)l/^l [ |y|V 

JR 


q-l 


(2.13) 
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from () 2 . 11 l) . 

From the equation on uJg, we write 

uJg = uJo (1 + O (uJo)) + co|uJ 2 |'^ (l + O (|FJ 2 p“'')) , 

and assuming that 

l^ol < ^ 0 , l^ol < (2.14) 

we derive that 

_ ~ I- 10 -cqB'J 

Wo ~ -Co|tf2r ~ ^ l'W^2|. 

S9-1 

Such Wo and W2 are compatible with the hypotheses (I2.12p and (I2.14p . 

Therefore, since w = k + w, it follows from ()2.10l) that 

w{y,s) = K + W 2 is){\y\'^- 2 N)+o{w 2 ) 

SO-1 Vs9-1 / 

= - sisn(p.)B^ + B + o (^) , (2.15) 

gq-1 gq-1 \gq-l J 

in and also uniformly on compact sets by standard parabolic regularity. 


2.2. Outer expansion. Prom (j2.15p . we see that the variable 

^ 2 (g-l) 2 (p-l) 


as given in (II. 6 p . is perhaps the relevant variable for blow-up. Unfortunately, (|2.15p provides no shape, 
since it is valid only on compact sets (note that z —)> 0 as s ^ oo in this case). In order to see some 
shape, we may need to go further in space, to the “outer region”, namely when 2 ; 7 ^ 0. In view of (I2.15p . 
we may try to find an expression of w of the form 


w{y,s) 





(2.16) 


for some v > 2/3. Plugging this ansatz in equation (12.2p . keeping only the main order, we end-up with 
the following equation on : 

- ]-z • V<y 9 °( 2 ;)- 3 —(/ 3 °( 2 ;o) + [v’^izW = 0 i ^ (2-17) 

2 P — 1 sP 

Recalling that our aim is to find w a solution of (|2.2I) such that re —)• k as s —)■ 00 (in hence uniformly 
on every compact set), we derive from (|2.16l) (with y = z = 0) the natural condition 

¥?°( 0 ) = K. 


Recalling also that we already adopted radial symmetry for the inner equation, we do the same here. 
Therefore, integrating equation (I2.17|l . we see that 

yP{z) = {p-l + b\z\^Y^\ (2.18) 

for some 6 G M. Recalling also that we want a solution w G (see (12.311 ). we see that 6 > 0 and 

for a nontrivial solution, we should have 

6>0. (2.19) 

Thus, we have just obtained from (I2.16P that 

w{y,s) = Y - l + h\zY + 2 ; = and z/> 2/3. ( 2 . 20 ) 
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We should understand this expansion to be valid at least on compact sets in z, that is for \y\ < Rs^, 
for any R > 0. 


2.3. Matching asymptotics. Since (I2.20p holds for \y\ < Rs^, for any i? > 0, it holds also uniformly 
on compact sets, leading to the following expansion for y bounded: 


w{y,s) = K- 


nb |yp a 


+ ^ + 0 


[p — 1)2 s 2/3 ^ 2/3 

Comparing with (|2.15p . we find the following values for b and a : 

_ 1 '\2 

b = sign{ix) - and a = 2Nsign{y)B. 

K 

In particular, from (I2.19P we see that 

p > 0. 

In conclusion, using (j2.13p . we see that we have just derived the following prohle for w{y, s) : 

w{y,s) ~ (p{y,s) 


with 



(2.21) 

13= 

(2.22) 

2NbK 

(2.23) 


p+1 


b = hp-l)^J V-\-(P.i)/(P-i) 

2 VP/Riv J 

(2.24) 


3. Formulation of the problem 

In this section we formulate the problem in order to justify the formal approach given in the previous 
section. Very soon, actually starting from (j3.12p given below, we will only focus on the case 

N = 1 


for simplicity. The proof in higher dimensions is no more difficult. 
Let w, y and s be as in (|2.1I) . Let us introduce v{y, s) such that 



wiy^s) = ip{y,s) + v{y,s), 

(3.1) 

where (p 

is given bv 112.211). If w satisfies the eouation (12.2D. then v satisfies the following eouation: 


dgV = (£ + V)v + B{v) + G{v) + R{y, s). 

(3.2) 

where £ 

is defined by (j2.6p and 



V{y,s) -p (p{y,sf ^ , 

p-1 

(3.3) 


B{v) = \lp + + v) — pP — pipP~^v, 

(3.4) 

and 

R{y-,s) - y-Vip .+pp o +/^|V<^|'' 

2 P — 1 os 

(3.5) 


G{v) = p\Vcp + - g\Vip\R 

(3.6) 
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Our aim is to construct initial data u(so) such that the equation (|3.2I) has a solution v{y, s) defined for 
all (y, s) G X [—logT, oo), and satisfies: 

lim ||u(s)||tyi.oc(]RiV) = 0. (3.7) 

From Equation (I2.21jl . one sees that the variable z = ^ plays a fundamental role. Thus we will consider 
the dynamics for \z\ > K and \z\ < 2K separately for some iiT > 0 to be fixed large. Since 

|5(i;)| < C\vf, ||i?(.,s)||Loo < —, ||G(i;)||ioo(K) < (3.8) 

s ys 

for s large enough, (see (|4.25l) . (|4.23l) and (|4.38l) below), it is then reasonable to think that the dynamics 
of equation (13.21) are influenced by the linear part, namely £ + E. 


The properties of the operator £ were given in Section 2. In particular, £ is predominant on all the 
modes, except on the null modes where the terms Vv and G{v) will play a crucial role (see item (ii) in 
Proposition 14.181 below). 

As for the potential V, it has two fundamental properties which will strongly influence our strategy: 


(i) we have E(.,s) —)• 0 in £p(M) when s —)• oo. In practice, the effect of V in the blow-up area 
(|y| < Cs^) is regarded as a perturbation of the effect of £ (except on the null mode). 

(ii) outside of the blow-up area, we have the following property: for all e > 0, there exists > 0 
and Se such that 


s>s, 


sup 

|y| 


P — 1 


< e, 


with — < —1. As 1 is the largest eigenvalue of the operator £, outside the blow-up area we 

can consider that the operator C + V is an operator with negative eigenvalues, hence, easily 
controlled. 


Considering the fact that the behavior of V is not the same inside and outside the blow-up area, we 
decompose v as follows. Let us consider a non-increasing cut-off function xo S C°°([0,oo), [0,1]) such 
that supp(xo) C [0,2] and xo = 1 [0,1], and introduce 


xiy,s) = Xo 


\y\ 

K 


(3.9) 


with K = max(6, iLs) and = K^{N,p, p) is some large enough constant introduced below in Lemma 

ICTl 

Then, we write 

v{y,s) = vb{y,s) + ve{y,s), (3.10) 

with 

Vb{y, s) = v{y, s)x{y, s) and Veiy, s) = v{y, s) (l - xiv, s)) ■ (3.11) 

We remark that 

supp Vb{s) C B{0, 2Ks^), supp Ve(s) C \ B(0, Ks^). 

As for Vf,, we will decompose it according to the sign of the eigenvalues of £, by writing 

2 

Vbiy^s) = ^ Vm{s)hm{y) +V-{y,s), (3.12) 

m=0 

where for 0 < m < 2, Um = Pm{vb) and V-{y,s) = P-{vb), with P^ the projector on hm, the 
eigenfunction corresponding to A = 1 — ^ > 0, and P_ the projector on {hi, | f > 3}, the negative 
subspace of the operator £ (as announced in the beginning of the section, hereafter, we assume that 
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= 1 for simplicity). 

Thus, we can decompose v in five components as follows: 

2 

v{y, s) = ^ Vm{s)hm{y) + v-{y, s) + Ve{y, s). (3.13) 

m=0 

Here and throughout the paper, we call V- the negative mode of v, V 2 the null mode of v, and the 
subspace spanned by {hm | m > 3} will be referred to as the negative subspace. 


4. Existence 

In this section, we prove the existence of a solution v of (13.2p such that 

lim ||?;(s)||iyi,<x.(K) = 0. (4.1) 

Hereafter, we denote by C a generic positive constant, depending only on p, p and K introduced in 
(13.91) . itself depending on p and /x. In particular, C does not depend on A and sq, the constants that 
will appear shortly and throughout the paper, and need to be adjusted for the proof. 

We proceed in two subsections. In the first subsection, we give the proof assuming the technical details. 
In the second subsection we give the proofs of the technical details. 


4.1. Proof of the existence assuming technical results. Since p > 3, we see that, by definition of 
/3 given by (I2.22p . (3 G ( 5 , 1 )- Our construction is build on a careful choice of the initial data for u at a 
time So- We will choose it in the following form: 


Definition 4.1 (Choice of the initial data). Let us define, for H > 1, so 
the function 

fJso,doMy) = -^^(dohoiy) + dihiiyijxi^y, 

^0 

where hi, i = 0, 1 are defined by /i2.S\) and x is defined by 19..91) . 


logT > 1 and do, di € M, 
(4.2) 


The solution of equation (13.21) will be denoted by Vsa^do,di or v when there is no ambiguity. We will 
show that if A is fixed large enough, then, sq is fixed large enough depending on A, we can fix the 
parameters {do,di) G [—2,2]^, so that the solution VgQ ,do,di(s) —)• 0 as s —)• 00 in iy^’°°(M), that is, (|4.1I1 
holds. Owing to the decomposition given in (|4.2p . it is enough to control the solution in a shrinking set 
defined as follows: 


Definition 4.2 (A set shrinking to zero). Let 7 be any real number such that 

3/3 < 7 < min(5/3 — 1, 2/3 + 1). (4.3) 

For all A> 1 and s > 1, we define i3a(s) o,s the set of all functions r G L°°(M) such that 


L°° (R) 

- 57 - 3 ^’ 

I + |y|3 

< — 

L°°(R) s'*' 




Va 

kol, 

,2/1+1 

VI 

, 4 / 3-1 ’ 


where r_, rg and rm are defined in 1,9.1,91) . 

Remark 4.3. Since p > 3, it follows that ^ < /3 < 1, in particular the range for 7 in (14.3p is not empty. 
Of course, the set ?9 a('S) depends also on the choice of 7 satisfying (14.3p . However, while A will be 
chosen large enough so that various estimates hold, 7 will be fixed once for all throughout the proof. 















12 


S. TAYACHI AND H. ZAAG 


Since A > 1, then the sets 'i9a(s} are increasing (for fixed s) with respect to A in the sense of inclusion. 
We also show the following property of elements of i?a(s) : 

For all A>1, there exists soi(^) > 1 such that, for all s > sqi o-nd r £ we have 

^2 

lkllL°°(R) < (4.4) 

where C is a positive constant (see Proposition below for the proof). 

By (14.41) . if a solution v stays in i9yi(s) for s > sq, then it converges to 0 in L°°(M) (the convergence 
of the gradient will follow from parabolic regularity). Reasonably, our aim is then reduced to prove the 
following proposition: 

Proposition 4.4 (Existence of solutions trapped in 'dA(s))- There exists A 2 > 1 such that for A > A 2 
there exists so 2 (^) such that for all sq > so 2 (^); there exists (do,di) such that if v is the solution of 
with initial data at so, given by then v(s) € i}A(s), for all s > so- 

This proposition gives the stronger convergence to 0 in L°°(M) thanks to (14.4p . and the convergence 
in VT^’°°(K) will follow from parabolic regularity as we explain below. 

Let us first be sure that we can choose the initial data such that it starts in i?a('So)- In other words, we 
will define a set where we will at the end select the good parameter (do, hi) that will give the conclusion 
of Proposition 14.41 More precisely, we have the following result: 


Proposition 4.5 (Properties of initial data). For each A> 1, there exists so 3 (^) > 1 such that for all 
So > sos- 

(i) There exists a rectangle 

VsoC[-2,2f (4.5) 

such that the mapping 

4> : M^, 

(do,di) (V’o,V’i)- 

(where if stands for ifso4o,di) one to one from Vgg onto [ — o,nd maps 

^ 0^0 

dVsQ into 2 ^+ 1 ]^^- Moreover, it has degree one on the boundary. 

(ii) For all {do,di) £ 'if := 'ifso,do,di G 'dA(so) with strict inequalities except for ('ifQ,'ifi), in the 
sense that 

ife^O, \'if-{y)\< ^(1 + |y|^), Vy £ M, (4.6) 


(hi) Moreover, for all (do,di) £ we have 


A A 1 

\H < IV’il < \H < 


2/3+1 • 


4/3-1 ■ 


CA 1 

I|ViM|loo(k) < 

'^0 

|VV'_(y)| < ^(1 + |y|^), V y £ M. 


(4.7) 


(4.8) 


(4.9) 


The proof of the previous proposition is postponed to Subsection 4.2. Let us now give the proof of 
Proposition 14.41 
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Proof of Proposition fjm Let us consider ^ > 1, sq ^ •soS; (do,di) € where sqs is given by Propo¬ 
sition 14.51 From the existence theory (which follows from the Cauchy problem for equation (II.ip in 
mentioned in the introduction), starting in 19^(50) which is in i9^_|_i(so), the solution stays 
in i9a(s) until some maximal time s* = If s^(do,di) = oo for some (do,di) € Vs^, then 

the proof is complete. Otherwise, we argue by contradiction and suppose that s^:(do,di) < oo for any 
(do,di) € Vgg. By continuity and the definition of s*, the solution at the point s*, is on the boundary 
of 'i9a(s^). Then, by definition of i9a(s*)) one at least of the inequalities in that definition is an equality. 
Owing to the following proposition, this can happen only for the first two components. Precisely, we 
have the following result: 


Proposition 4.6 {Control of v{s) by {vo{s),vi{s)) in 'dA{s)). There exists such that for each 

A > A 4 , there exists so 4 (^) £ such that for all sq > so 4 (^), the following holds: 

If V is a solution of 13.^) with initial data at s = sq given by with {do,di) G Tsqj o,nd 

v{s) G ilAis) for all s G [so,si], with v{si) G (9i9a(si) for some si > sq, then: 

(i) (Reduction to a finite dimensional problem) We have: 


(uo('Si),'(^i('Si)) G d 


( 

A A 

1 


2/3+1 ’ 2/3+1 

. *1 *1 . 



(ii) (Transverse crossing) There exist m G {0,1} and ui G {—1,1} such that 


uvmisi) 


A 

*1 


and ojv'^{si) > 0. 


Assume the result of the previous proposition, for which the proof is given in Subsection 4.2 below, 
and continue the proof of Proposition 14.41 . Let A > A 4 and sq ^ 'So 4 (^)- L follows from Proposition 

. . 12 ^ 


IMI part (i), that (uo(s*), ui(s*)) G d 


' 2/3+1) 2/3+1 

<3* <3* 


and the following function 


g2/3-M 

{do,di) -^^(uo,ui)(do,di)(s*), with s* = s^{do,di), 

is well dehned. Then, it follows from Proposition 14.61 part (ii) that 4* is continuous. On the other hand, 
using Proposition 14.51 parts (i) and (ii) together with the fact that u(so) = ’f’so^oAu we see that when 
(dojdi) is on the boundary of the rectangle we have strict inequalities for the other components. 
Applying the transverse crossing property given in Proposition 14.61 part (ii), we see that v{s) leaves 
i9^(s) at s = So, hence s*(do,i9i) = sq. Using Proposition 14.51 part (i), we see that the restriction of 
to the boundary is of degree 1. A contradiction then follows from the index theory. Thus, there 
exists a value {d(j,di) G such that for all s > sq, Vsf^^do,di{s) G '^^(•s)- This concludes the proof of 
Proposition 14.41 


Completion of the proof of dm). By Proposition 14.41 and (14.4p . it remain only to show that 
||Vu(s)|| 

(M) —)• 0 as s — 00 . We will prove the following parabolic regularity for equation (13.2p : 

For all A > 1, there exists so 5 (A) > so 4 (A) such that for all sq > so 5 (A) the following holds: If v{s) 
is a solution of equation \3.^) on [so,si] where si > sq with initial data at s = sq, v{so) = if so,do,di-, 
{dQ,di) G PsQ, v{s) G ilAis) for all s G [so,si], then, for all s G [so,si], we have 

livu»)ili»(R) < 


where Ci is a positive constant. 















14 


S. TAYACHI AND H. ZAAG 


This will be proved in Subsection 14.21 below. Then, from (14.41) . Proposition 14.41 and ()4.10p . we have 


II i ill ^ 

hence, by (|4.3D . (j4.ip follows by taking so 2 > max (sqi, sqs, so 4 , sos)- 


□ 


4.2. Proof of the technical results. In this section, we prove all the technical results used without 
proof in the previous one, thus, finishing the argument for the proof of the existence of a solution of 
(1321) satisfying m- More precisely, we proceed in 4 steps, each given in a separate section. 

- We hrst establish the needed properties on initial data and stated in Proposition 14.51 In partic¬ 
ular, we show that initial data is trapped in provided that sq is large enough, and the 

parameters {do,di) are in a suitable set. 

- Then, we show that the rest and the nonlinear terms of equation (13.2p are trapped in dcis) for 
some positive C, assuming v G i?a(s) if necessary. For the potential term, we show that it is in 
dcAis), assuming v G dA(s). 

- In the third step, we give parabolic regularity estimates, proving in particular estimate (I4.10p . 

- Finally, we prove Proposition 14.61 concerning the reduction of the problem to a two-dimensional 
one. 


4.2.1. Preparation of the initial data. In this subsection, we give some properties of the set 'dA(s) 
introduced in Definition 14.21 and prove Proposition 14.51 concerning initial data. We first claim the 
following: 


Proposition 4.7 {Properties of elements ofdA{s))- For all ^ > 1, there exists sio > 1 such that, for 
all s > sio and r G dAis), we have 

(i) lkllL°°(|j/|<2A's/3) ^ and ||r||x,oo(]R) < C-^^. 

(ii) \n{y)\ < C^^{1 + |yp), |re(y)| < C^{1 + \y\^), and \r{y)\ < C^$rT{l + \y\^), V y G M. 

(hi) \r{y)\ < C ^^f+i (1 + |y|) + (1 + |yP) + 4i^(l + |l/P) > V y G M, 

where C is a positive constant. 


Proof. Take A> 1, s > 1, r G and y G M. Recall that r{y) = rb{y) + re{y) where 

2 

niy) = '^rnhmiv) + r-{y), re = r{l - x) 

m=0 


with X defined by (|3.9p . In particular, supp rj, C {|y| < 2Ksi^} and supp re C {|y| > Ks^}. 
(i) If \y\ < 2Ks^ , using the definition (|2.8I1 of hm and that of we get: 

A ^/4' A 

\n{y)\ < (1 + |y|) ^ 2 / 3+1 1 ^ 1 ^) 54 / 3-1 + (f + 

It follows, for s sufficiently large, that 


\rb{y)\ < (1 -h 2Ks^) +C{l + {2Ks^f) + (l + {^Ks^f) — 


(4.11) 
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since 7 < 5;0 — 1 and ^ > 1. Moreover, 

lkllL°° (R) 

< c 




+ Ik. 


e\\L° 




^7-3/3 s7-3/3 


^7-3/3 • 


which gives (i). 

(ii) Since A > 1 , s > 1 and 4/3 — 1 < min( 7 , 2/3 + 1) (by definition (|4.3p of 7 ), if |y| < 2Ks^, we write 
from (|4.1ip : 

M!/)| < + MS), 

Since r^iy, s) = 0 when \y\ < 2Ks^, the last inequality is obviously true also. 

If |y| > Ks^, we have, the definition of 


ke(2/)l < lke||L° 


a2 a2 L ,|3 a2 


The inequality is verified for all y G M, since re{y, s) = 0 when |y| < Ks^. 
On the other hand, by the conditions on A and /3, we have 

k(y)l < \rb{y)\ + \reiy)\ < C^^{1 + |yk), V y 

which gives (ii). 

(hi) Using (14.lip and (|4.12l) . we get 
\r{y)\ < \rb{y)\ + \re{y)\ 


G 


< (1 + 
< (1 + 


A \fA A 42 

TO + + lyl^)TO + (1 + \yf)^ + C-il + |y|3) 


A \/~A A^ 

^^ + C{l + \y\^)^ + C-{l + \yn 

This finishes the proof of Proposition 14.71 


(4.12) 


□ 


We need a second technical estimate before proving Proposition 14.51 


Lemma 4.8. There exists s'^q such that for all so > Siqj given by x(2y, sq) or yx(2y, sq), then 


9eiy) = 0, 


9-{y) 

1 + kP 


^0 


and all Qm are less then Ce ^0 , except: 

213 

(i) ko - 11 < Ce~^o when g{y) = x( 2 y, sq), 

2/3 

(ii) ki - 11 < Cg-^o when g{y) = yx( 2 y, sq). 


Remark 4.9. Here in this lemma, we need the fact that K > 6. 


Proof. Since (1 - x(y, so))x(2y, so) = 0 and x(y, so))x(2y, so = 1 , it follows that ge{y) = 0 and 
gb{y) = x{y,so)g{y) = g{y). In particular, g^ = Pm{g) and y_ = P-{g), where Pm and P_ are the 
projectors on hm and {hi \ i > 3}, respectively. Writing g{y) = g{y) + r(y) where g{y) = 1 or y and 
r(y) = y(y) (x( 2 y, So) ~ 1 )) the result will follow by linearity. 

Starting first with g, we see that P-{g) = 0 and all Pm{g) are zero except 

Po{g) = 1, when y(y) = 1 , and Pi{g) = 1, when y(y) = y. 
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M 

Ks^r, 


It remains then to handle r. Since 1 — x(y) so) = 0 for \y\ < Ksq, we see that 

0 < 1 - x{y,so) < , 0 < i < 3, hence 0 < 1 - x(22/,so) < ( 

V 

and since K > 6 (see (I3.9l) i. 

/o( 2 /)(l -x( 2 /,so)) < \/f^y < Ce ^ \/^ < 


(4.13) 


(4.14) 


and similarly, 
Therefore, 


P(l/)(l - x(l/,so)) <Ce ^0 \/p{y)- 

\r{y)\ <C{l + \y\)(^^) < -^(l + |y|^) and jr^l < Ce~^o\ m = 0 , 1 , 2 . 


0 •’0 


Hence, using the fact that \hm{y)\ < <^(1 + |y|), m = 0, 1, we get also 

\r-{y)\ < -^(l + |y|^). 

This concludes the proof of Lemma 14.81 

With Lemma 14.81 at hand, we are ready to give the proof of Proposition 14.51 

Proof of Proposition [73[ For simplicity we write instead of 'ijjso,do,di- 

(i) Using Lemma 031 we see that 

ifo = do + O and ifi = di + O 

and the conclusion of item (i) follows directly. 

(ii) The fac 

we see that 


□ 


(4.15) 


(ii) The fact that Ifjml < for m = 0,1 follows from item (i). Then, using Lemma 14.81 and linearity, 


f^e{y) = 0, 


fj-iy) 


i + lyp 


< -S^rd-iol + Mil). M < cm + 

■*0 


Since 

Mm| < 2 for m = 0 , 1 

from item (i), recalling that 7 < 4/3 + 1 from (|4.3p . we get the conclusion of item (ii). 
(iii) From (14.2p . we have that 

dyi’iy) = '^i^;^x(2l/,so) + ' ' ' 

^0 ^0 


k4)k4' 


(4.16) 

(4.17) 

(4.18) 


where xo is defined by (13.9p . Since ||zxo(. 2 )||^oo(]r) and —^ are bounded, then for sq sufficiently large 

Ksq 


we have, from (I4.17P and the definition (14.3p of 7 , 




<c^< ' 


2/3+1 - ^7-3/3' 


As for the estimate on dy'ip-, since = 0, we write from (13.131) 
hence 


V'-(y) = V'(y) - (^0 + -012/ + 3/’2(y^ - i)), 

dy'ip-ijj) = dyij{y) - (ipi + 2ip2y)- 
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Using ()4.18p . ()4.15p and (I4.16p . we see that 


dy'ip-iy) = di^^(x(2y,so) - l) +0(e + -^^{do + diy)xo[^^) 


2 y 


Ks, 


/?• 


(4.19) 


We remark now that 

Wo{z)\ < C\z\\ i = 0, 1, 2, 3 (4.20) 

(in fact, Xo(' 2 ) = 0 for \z\ < 1 and it is bounded for z G M). Using (|4.17l) . (14.131) . (I4.20p and (I4.19p . we 


obtain 


|5yV’-(y)l < c 


A 


5/3-HI 


+ 


A 


,6/3-hl 


+ e 


C A 1 

{l + l!/P)<^(l + l9p)<^(l + l!/l"), 


’0 •’0 •’0 
since 0 < 7 < 5/3 + 1. Thus, the last inequality in item (iii) follows. This concludes the proof of 
Proposition 14.51 

□ 


4.2.2. Preliminary estimates on various terms of equation (|3.2p . In this step, we show that the rest 
term is trapped in '&c{s) for some C > 0, provided that s is large. Then, assuming in addition that 
v{s) G '!9^(s), we show that the nonlinear term in also trapped in i9c(s), and the potential term Vv, in 

This is our first statement. 


Lemma 4.10 (Estimates on the rest term and the potential). There exits sn sufficiently large such 
that for s > Sn, we have the following 

(i) R G i9c(s) and |i? 2 (s)| < 

(ii) ||U(s)||ioc(iR) <C, \Viy,s)\<C^^d^,yyeR. 

where C is a positive constant, V and R are given by and 113.5\} . 

Remark 4.11. As we stated in a remark following TheoremPU the particular value of b we fixed in (II. 6 p 
is natural from the formal approach in Section 2 above. In fact, it is crucial in the algebraic identity 
leading from (I4.34|) to (j4.35p . Indeed, with a different b, we would have a larger R 2 ~ 2^+1 -Wi 

making the convergence of v to zero in ()3.7p more difficult (and probably impossible) to obtain. 


Remark 4.12. With some more work, we may show that: 


R-{y,s) 
l + |y|3 


L°°(K) 


c 

g2l3+l ’ 


as s —)■ 00 . 


This implies, in particular, that any attempt to adapt the powers of 1/s in the definition of 'dA(s) should 
respect 

7<2;0 + 1 (4.21) 


where 7 is such that 


v-{y,s) 

I + I2/P 


C 

~ 7r' 


on the one hand. On the other hand, bearing in mind that we need to evaluate \v-{y, s)| on the support 
of vy, that is, when \y\ < 2Ksd, we see that 


8 AK^ 

foT\y\< 2 Ksd, we have |u_(y,s)| <-:p^, 

and the right hand side of the last inequality goes to zero if and only if 

7 > 3/3. 


(4.22) 
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From (I4.2ip and (I4.22p . we see that 3/3 < 7 < 2/3 + 1, which yields the natural condition 

/3 < 1, i.e. p > 3. 

Presumably, our strategy based on the shrinking set in the same style as [1] and [22] breaks 

down when /3 > 1. However, we are not saying that Theorem [1] is not true for 1 < p < 3. Perhaps a 
substantial adaptation of the method of |3] and [22], or some other strategy, may give the result. The 
question remain open when 

1 < p < 3. 

Before proving Lemma [4.101 let us state and prove the following lemma, where we make an expansion 
of R{y,s): 


Lemma 4.13 (Bound and expansion of the rest term). For s large enough, we have 


C 


and 




a 2 bK 1 2/3a 2b‘^pK 1 2 (26)^p«; 1 2 

^ - (p _ 1)2 ^ + (p _ 1)4 + (p_ 1)4^^ 


2/36k 1 n 

-z + p 


(p — 1)2 S 


2 bK 


(p- 1)2 


1 


l^|. + o(_) + o(_) + o(U_) 


e<?/3 


where z = -^ G M. 


Proof. By the definitions of p and <p^, we have 

2 b 


dyp{y,s) = (^) ('^°(^))^ hence ||5^p(s)|U < 


dsP{y,s) = 


dlpiv^s) = 


2/36 ( VY ( 0/2/ 2/3a 


(p — l)s Vs' 
26 


^ Vs// 


(J 

^2/3+1’ hence ||9s(p(s)||oo < 


(p_l)s2/3 

On the other hand, since we have from (I2.17P 




, hence ||(9y(p(s)||oo < 




ij/ _ov y 

' 2 s 


o'(y \ . ( 0( y \\ 


0 / y 1 ,„o/ y 


p — 1 


Vs// 


= 0 , 


we write 


^ ^ ^ ZP ^ y \ OV (V \ 1 0/ 2/ N o 




,P - 


0 f y \ ^ I u/y\ 

7" (ts) + 7" (ts) 


0 / y 


'S^'J L’ 's//' 




(p — l)s 2 // 


By Lipschitz property, we have that 


|pP-(py|< 




Hence 


11 C 

- IfydyP - -—fP + ¥^IIl-(M) < 


Since 1 < = q(3 < 2(3, we see that by definition (|3.5p of R that (|4.23l) holds. 


(4.23) 


(4.24) 


(4.25) 

(4.26) 

(4.27) 


(4.28) 
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Now, as for the expansion (j4.24l) . it simply follows from Taylor expansions, derived from ()4.25p . (I4.26p . 
(j4.27p and (j4.28p . for all s > 1 and y G M: 




2 b 


{p - l)s2/3 


K 


p -1 


1 - 


bp 2 \ , 2 


{p-iy 


^ + 


{p - 1 )^ 


1 ^ , P pa f-, b 


p> / N, ‘^I3b 2 

OsP{y,s) = - - 


2/3a 


+ 0 {z^) 


+ 01^ 


{p — l)s \p — 1 
2 b 


+ Oiz^) - 


,2/3+1 • 




^ ' \{p — 

This concludes the proof of Lemma 14.131 

With Lemma 14.131 we are ready to prove Lemma 14.101 

Proof of Lemma \4-10l 

(i) Following the decomposition p3.13p . we write R as 


R — Rx + 7i(l — x) — ( Rmhm + R- j + Re- 


\m=0 


Since R is symmetric with respect to y, we have Ri = 0. 

Furthermore, inequality (I4.23P in the previous lemma implies in particular that 


\Reis) 


<G< 


S ’ 

by definition of 7 given by (14.31) . 

As for Rq, using ()4.24p and the fact that 2(g + l)/3 = 4/3 + 1, we write 


Ro= [ Rxp = [ Rp+ [ R{x - i)p = 

JR JR JR 

from the choice of a made in (j2.23p . therefore. 


26k 


a — 


{p-iy^ 


1 


g2p + ^(^ 2 / 3+1 ) ^(^ 2 / 3+1 • 


l-^ol < 


c 


s2/3+l ■ 


Now, considering R 2 and using the fact that 

j h 2 p = y ^‘^y^P = 1’ + l)/3 = 4/3 + 1, 

we write from ^4.241) together with (|4.14p . 


R 2 = [ Rxk2P= [ Rk2P+ [ R{x-'i-)k2P 

1/ M. v/ M. i/M. 


f Rk 2 P + O 
J M 

26/3k 


Since 


(p- 1)2 

2l3bK 

(p- 1)2 


+ p 


26k 


{P - 1 )^ 

I|/i2iii2 = /i( 


J \y\'^k2P 

26k ni 


,2/3+1 


+ 0 


1 

^4/3 


(p-l )2 


|y|'?/i2pdy. 


(4.29) 

(4.30) 

(4.31) 

(4.32) 

□ 


(4.33) 


(4.34) 
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from the choice of b in ()2.24p . we have that 


I ff I ^ c , 

1-^21 < 4^ < ,4/3-1' 


(4.35) 


s’ 

It remains now to bound R-{y,s). From (j4.24p in Lemma 14.131 and the choice of a in (j2.23p and b in 
(j2.24p . we see that 


nf.. 2 / 36 k h2iy) , 

_ i'^2 g2i3+i ^ y 


26k 


|y|'' ^ Qb’^pn y"^ ^ y 


(p—i)^y s^^+^ (^—1)^5“^^ 


4/3+1 




Using that \y\ < IKs^ on the support of x, we see that 

|^xl(y,s) < + |y|^). 

Using ()4.33l) and (I4.35p . we see that 

l-R-l = l-Rx “ (-^0 +-^2^2) I 

< \xR\ + \Ro\+C\R2\{l + \y\^) 

< 


C 


- s2/3+l 

c 


(i + lyr 


by the hypotheses (14.31) on 7 . This concludes the proof of item (i) of the lemma. 

(ii) Since 6 > 0, the first statement follows By p3.3l) and p2.21l) . For the second statement, we write, 
by definition (13.3p of V and a Taylor expansion, (remark that p > 3): 

P 


V{y,s) = p(/(^) + 


a \P-i 


= P[<P 


0 f y 


p 


p — 1 


p — 1 

+ 0 


1 


= p[/(o)ri-^+o 

p -1 


1 + \y? 

, 2/3 


Since [<p^(0)]P ^ = l/(p — 1), the second statement follows. This concludes the proof of Lemma 14.101 

□ 

Lemma 4.14. Let V, B and G he given by (13.3p . \3.4\} , L?.5)) and (13.6p . Then, for all ^ > 1, there 
exits S 12 , sufficiently large, such that for all s > S 12 , if v & i^Ais), then we have the following: 

(i) ||Ui;(s)||icx=(R) < ^4^, |Ui;(y,s)| < ^(1 + Ipp), V p G M, 

\{Vv)jn\ < for m = 0 , 1 , l(Uu) 2 | < 


C A 

\{Vv)-{y,s)\ <—{l + \y4) and \\{Vv)e\\L- 


< 


CA^ 

g'y-sg ■ 


In particular, Vv G i?c'a('S). 

(ii) B{v) G i?c(s) and |(Bi;) 2 (s)| < 

(hi) Furthermore, if \\dyv{s)\\ao < ond 


CVA,^ . I |2^ , , |..|3n 


\dyv{y, s)| < ^ 2 / 3+1 + lyl) + ^ 4 / 3-1 (1 + lyl ) “I y ^ 

then G G ilds), for some positive constant G. 
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Proof, (i) Since v € we have from Proposition 14.71 


II^^('S)||loo(K) < C 

Then, using item (ii) of Lemma 14.101 we get, 

||Pu(s)||ioo(]R) < ||P(s)||Loo(K)||L’(s)||ioo(K) < (4.36) 


\Vv\{y,s) < ||ii(s)||Lcx>(K)|P|(y,s) < C-:p^{l + |yp). 
Furthermore, using item (iii) of Proposition 14.71 and Definition 14.21 of 19 ^( 5 ), we see that 


|(roW!,,»)| = |roi(j/,»)| < fEl»mMI(i + li;ir + 

\m=0 


v-{y,s) 


1 + Iy|' 


(i + |yp 

L°°m 


, I |Q^ C‘\/~A . I CA . . .r. 

- + ) + -6^(i + lyl ) + 7^(i + lyl )• 


By dehnition of {Vv)m we see that 




< 

< 



km {y){y v)bp{y)dy 


CA ^ CVA ^ CA 

giP+l + 56^-1 + s7+2/3 

1 


since ^ < /3 < 1 and 7 satishes (BSl). 

As for {Vv)-, noting that \y\ < 2Ks^ on the support of {Vv)b, we write from (|4.37l) : 


(4.37) 


|(Pi;)b|(i/,g) ^ CA CVA CA ^ Cl A 

1 + |yp ~ s'^ ~ ' 

since 7 < min(5/3 — 1, 2/3 + 1). Therefore, which is the desired estimate for (Vv)-. As 

for the estimate on ||(Pp)e||L°o(M )5 it follows from (|4.36p . 

(ii) Prom a Taylor expansion, we have 


|B(i;)l < C|u|2. 

Since v G i!)a{s), from item (i) in Proposition I4.7I we have 

\\B{v)e\\oo < I|-6(^^)IIl°°(R) < C'll'^lli°°(R) 


< c 


A^ 


< 


1 


s2(7-3/3) - S7-3/3’ 


(4.38) 
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for sufficiently large s. Moreover, we have that, 

\{B{v))biy,s)\ = \x{y,s)B{v){y,s)\ < C\v{y,s)\‘^ 


< 


< 


Z 

C'( + \v-iy,s)\‘^ + |ne(y,s)p) 

m=0 


\ JY* \ 

^(1 + \y\^)) My\<2KsP + hy\>Ksf^ g2'y-6p) 




- + ^7^ + 527 - 3 / 3 ) 

where lx is the characteristic function of a set X. 

Hence, using (I4.39p . we write by definition of {B{v))m, 

\B{v)m\ < 

Therefore, by the conditions on 7 given by (|4.3p and since /3 > 1/2, we see that 

1 Cl 

\B{v)m\ < m = 0 , 1 and |H(n) 2 | < ^ < 

Furthermore, by the expression of 7 given by (14.3p . and since (5 > 1/2, we have 

2 

l-B(n)_(y,s)| = \B{v)b{y,s) 

m=0 

A^ A A^ 


+ 


4/3+2 ' o 7 / 3-2 ' ,27-3^ 


< c 

< j/(l + l!/l7 


+ 


(i + |yp 


for s sufficiently large. This finishes the proof of item (ii). 

(iii) Using the inequality 

||x + x'l''- |x|''| <C(|x|''-7'| + |x'l«), VxGM, x'gM, 


we deduce that 
Since 

it follows that 


1(^(2/, s)| < C {\dyip\^ ^\dyv\ + \dyv\'i) . 

C C 

5yn(s)||oo < and ||ay<y9(s)||oo < 

M, / 1 CA^ ^ CA^<i 

||U(sj||oo _ 


< 


1 


si-W ’ 


because q> 1. Hence 


On the other hand, from the fact that 


||Ge('S)||oo < ^.y_3/3 • 


(4.40) 


(4.41) 
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and 

using (14.401) and the identity 
we deduce that 


C A (1A^ 

\dyv{y,s)\ < + |y|) + ^ 4^(1 + \y\^) + 

2/3(<?-l) = l, 

12 / 1 "-' 


hence, 


\Giy,s)\<C 

|G(y,s)| < 


-\dyv\ + \dyv\'^ , 


+ LI) + ^i!/r'(i + 1!/0 


, ,3^ 

+ 1^1 ) + 59(2/3+1) ) 


— 597 

Therefore, from the conditions on 7 given by (j4..Sjl . we have 


(4.42) 


(4.43) 


^ CA ^ CVA ^ CA^ ^ CAi ^ CA^G ^ cA^^i 

|Gm(s)| < ^2Tr2 + ^ TFTT + 59(2/3+1) + 59(4/3-1) + 

Noting from (j4.42p that 2/3 + 1 = 2/3g < g(4/3 — 1) and 2/3 + 1 = 2/3g < 3/3q < 75 , and using the fact 
that ,8 > 1/2, 7 > 3/3, 1 < (? < 2, we get 

|gm(g)| < ^2^3+1 m = 0,1. 

Since /3 < 3/2 and 7 > 4/3 — 1, we get 

l'^2(s)l < ^ 4 ^- 

We now turn to the estimate on G_. 

Using (|4.43p and the fact that \y\ < 2Ks^on the support of G_, for Gb we write from (I4.42p and the 
fact that q > 3/2 (which follows from the fact that p > 3 and q = 2p/{p + !))■ 


\Gb(y,s)\ GA GVA GA^ 

TTpr s ^ + ^ + 77 

CA^ , GAiG ^ CA^^ 

+ 59 ( 2 / 3 + 1 ) + 59(4/3-1)-(29-3)/3 + gqj-3{q-l)p ' 

Noting from the conditions (14.31) on 7 and p4.42p that 

2/3 + 2 > 2/3 + 1 > 7 ; 4/3 > 5/3 - 1 > 7 ; g(2/3 + 1) > 2/3 + 1 > 7 ; (4.44) 

g(4,8 - 1) - (2g - 3),8 = 2g/3 - g + 3/3 = 5/3 + 1 - g > 5/3 - 1 > 7 ; 

. 3, ,3 73 7 — 3/3 

g 7 - 3(g - l)/3 = g 7 - - = (g - 1)7 - - + 7 = — - - + 7 = + 7 > 7, 

we see that 

|gb( 2 /,'S)l . J_ 

l + |y|3 - sT-’ 

hence, 

|Gm(s)l < ^, m = 0 , 1 , 2 , 


|G'-(2/,s)I < ^(1 + |2/|^), Vy e M. 


and 
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This finishes the proof of Lemma 14.141 


□ 


4.2.3. Parabolic regularity. In this subsection, we prove the parabolic regularity results and prove (j4.inp . 
To do so: 


- We first give some linear parabolic regularity estimates on the linear operator C defined in[ 

See Lemma 14.151 below. 

- Then, since we aim at obtaining some fine estimates on dyV- if v{s) G "dAis), we will write down 
the equation satished by V- and bound its source term. See Lemma 14.161 below. 

- Finally, using the linear estimate along with the preliminary estimates given in the previous 
subsection, we derive the intended regularity estimates for the full equation (13.2p . 

Let us first give some linear regularity estimates: 

Lemma 4.15 (Properties of the semigroups e^^). The Kernel e^^{y,x) of the semi-group e^^ is given 
by: 


e^^{y,x) = 


^ 47r(l — e 


exp I 


(ye 


- 0/2 _ 


xY 


4(1 -e 


-e\ 


for all 6 > 0, and e^^ is defined by 


e^^r{y) = / e^^{y,x)r{x)dx. 

Jm 


(4.45) 


(4.46) 


We also have the following: 

(i) If ri < r 2 then e^^ri < e^^r 2 . 

(ii) ||V(e'^^r)||j,oc(R) < CeillVrlli 


(hi) ||V(e®^r)||L 


< 


Ce^ 


), r G 

r G L°°(M). 


\/l-e ® 

(iv) If |r(x)| < r]{l + \x\^), V x G M, then \e^^r{y)\ < Crje^il + \y\^), V ?/ G M. 

(v) If |Vr(x)| < r]{l + Ixp), V x G M, then |V(e^'^r)(y)| < Cye ^(1 + \y\^), V y G 


(vi) If |r(x)| < y(l + Ixp), V X G M, then |V(e^'^r)(y)| < Cy 
where C is a positive constant and m >0. 


e 


\/l-e ' 


:(l + |yr), VyG 


Proof. The expressions of e®'^(y,x) and e^^ are given in [H Formula (44), p. 554]. See also 

(i) Follows by the positivity of the kernel, (ii) and (hi) Follow by simple calculations using (I4.45P and 
(|4.46l) so we omit the proof, (iv) Follows from (14.451) and (I4.46p . See also [H Lemma 4, p.555]. (v)-(vi) 
follow also by simple calculations. □ 

Now, we write down in the following, the equation satished by v- and estimate its source term: 

Lemma 4.16 (Equation satished by u_). For all A > 1, there exits si 3 (^) sufficiently large such that 
for s > si 3 , ifve tIa{s), 

||9,u(s)||oo<-;z^ (4.47) 


and 


then we have 


57 - 3/3 

FA C\/A ( 74 ^ 

\dyv{y, s)\ < ™(1 + |y|) + ^(1 + \yY) + -—{1 + |y|3), V y G 


dgV- = Cv- + F{y,s), 


(4.48) 

(4.49) 


|T(y, s)\ < C— (l + |y|^) , V y G 


with 


(4.50) 
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Proof. From equation ()3.2p . we have 

{dsv)_ = {Cv)_ + {Vv)_ + {B{v))_ + {G{v))_ + {R{y, s))_ . 

Using the hypotheses of the Lemma, the results obtained in Lemmas 14.101 and 14.141 we deduce that, for 
s sufficiently large, 


r'd 

|(5su)_ - {Cv)_\ < — (1 + |yl^) , V y G 


Furthermore, we have from ()3.1ip and (I3.12p 


(4.51) 


hence 


Vb = XV ='^ Vmhm + V-, 

m=0 


{dsx)v + xdsV = ^ v'.^hm + dsV-, 
7n=0 


on the one hand. On the other hand, applying ()3.12l) to dgV, we have 

2 

XdsV = ^ {dsV)mhm + {dsV)-. 


7n=0 


Then, by taking the difference of the last two identities, we get 


But we have by definition 


= 


xkmvp] = / xkmdsvp+ / dsXkmVp 

I / Jr Jr 

and 

(dsv)^ = / xkmdsvp. 

Jr 

Then, since ||f( s)||l°o(m) < 'j -30 by item (i) of Proposition 14.71 and 


(j 

|5sX| < —'^{KsP<\y\<2KsP}i 


(4.52) 


- ((9su)_| < |u||a^y| TO (<9su)m| I (1 + \v\^)- (4.53) 

Vm=0 / 


(4.54) 


where '^{KsP<\y\< 2 KsP} is the characteristic function of the set {Ks^ < \y\ < 2 Ks^}, we deduce that 

CA^ ,20 1 11 

- e~ < - < - < — 

g7-3/3-|-l — g4/3 — g2^-|-l — g'y ’ 

for s large enough. Now, using (j4.54p . we see that 


Wm - = 


/ 

Jr 


dsXhmVp 


(4.55) 


l«.xl < cjgj, i = 0, 1. 2, 

Therefore, since v G by Proposition 14.71 part (iii) and by using the conditions on 7 given by 

), we get 


< c 


A VA ^2 \ 

7^ + ^ + ^ I (i + lyl 


< +191“). 


(4.56) 
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and we deduce, from (I4.53p . (I4.55P and ()4.56p that 


^2 


- (5s?;)_| < + |y|^)> V y G M. 

Since C{hm) = (l “ t) write from (I4.52p and (I3.12p applied to Cv, 

2 

^{xv) = ^ (l - y) + C.V-, 


m=0 
2 


xCv = {Cv)^ hm + {Cv)_ . 

m=0 

Therefore, we deduce 

\Cv- - {Cv)_\ < \c{xv) - xi^v\ + (X] “ y) “ 

\m=0 

Since £ is self-adjoint, we have 

= / XkmC-Vp = / C{xkm)vp, 
»/ M Jm. 


(i + lyp). 


then 


Vm “ y) “ 


/ x{k^km)vp- / C{xkm)vp 

■^]R. "Z ]R. 

f {x{Ckm) - C{xkm))vp 


Now, using the expression of C given by ^2.61) . we have for any regular function r. 


Since 


|£(xr)-x£r-| < |r| ( -\y\\dyx\ + \dyX\ ] +‘^\dyX\\dyr\ 


S^\dyX\ + S^'^\dyX\ < ^{KsP<\y\<2KsP}^ 
using item (i) of Proposition 14.71 and ()4.47p with r = xkm, we get, 


Vm [I - 


m 


) - 


< 


CA^ 

^7-3/3' 


-.,2/3 


- ^4/3 - ^2/3+1 - ^7’ 


1 1 

< 


for s sufficiently large. On the other hand, since 


|yr 


(4.57) 


(4.58) 


(4.59) 

(4.60) 

(4.61) 


\y\\dyx\ + \dyx\ + \dyX\ < C^, i = 0, 1, 2, 

from (I4.60p . using the hypotheses on v and dyV, (namely item (iii) of Proposition 14.71 and p4.481) 1. then 
by applying the inequality ()4.59p with r = v, we get 


\C{xv) - x£u| < 


CA Cy/A CA^ 


+ 


+ 


,4/3+1 ' 55/3-1 ' g7 


(1 + l!/ft < cT(l + I!,|+ 


since 7 < min(5/3 — 1,4/3 + 1). Then, we deduce from (|4.58p . (|4.6ip and (I4.62p . 

|£t,_-(£i,)-|<cT(l + M=>). 

Now using ()4.51l) . (14.571) and (I4.63P we conclude the proof of the lemma. 

Now, we are in a position to give our parabolic regularity statement: 


(4.62) 

(4.63) 

□ 
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Proposition 4.17 (Parabolic regularity for equation (13.21) 1. For all A > 1, there exists si 4 (A) such 
that for all sq > si 4 (^) the following holds: 

Consider u(s) a solution of equation \3.Sfl on [sq, si] where si > sq with initial data at s = sq 

v{y,so) = 'ipso^oMv) 

defined in dMl) with {do,di) G Fsg, and 

v{s) G for all s G [so,si]. (4.64) 

Then, for all s G [so,si], we have 

(i) ||Vu(5)|Uoc(m)<C^. 

(ii) |Vu(y, s)| < (1 + |y|) + C (1 -|-|yp)-|-C^(l-|- |i/P), V y G M. 

(iii) \\7v.{y,s)\<C§il + \y\^), V y G M, 
where C is a positive constant. 

Proof. We consider ^ > 1, sq > 1 and v{s) a solution of equation (13.21) defined on [so,si] where 
■si > So > 1 and v{so) given by (14.21) with {do,di) G 'Dsq. We also assume that u(s) G 'dA(s) for all 
s G [so,si]. For each of the items (i), (ii) and (iii), we consider two cases in the proof: s < sq + 1 and 
S > Sq + 1 . 


Proof of Part (i) 

Case 1: s < sq + 1. Let = min(so + 1, si) and take s G [sq, s^]. Then, since sq > 1, we have for any 
t G [so,s]. 


1112 

so<i<s<so + l< 2so, hence - < - < — < -. 

s t Sq s 

From equation (13.2p . we write for any s G [sq, s^], 

v{s) = e("-"°)^u(so) + [\^^-^^^F{t)dt, 

where 


'so 


Hence 


and 


F{x, t) = Vv{x, t) + G{x, t) + B{v) + R{x, t). 

Vu(s) = Ve("-"o)^u(so) + / Ve(*-*)^F(t)dt, 

J sn 


|Vu(y,s)| < |Ve("-"o)^u(so)| + [ F{t)\dt. 

J SO 

Then, we write from (14.681) and Lemma [4. 151 for all s G [sq, s^], 

l|Vu(s)||icc(K) < ||Ve(*-*°)'^u(so)||L- + r||Ve(^-*)^F(t)||L<x.dt 

J sn 


<C||Vu(so)||l-+C 


f 

J SQ 






zdt. 


Using (j4.8p and p4.65l) . we write 


1 C 

||Vu(so)||l°°(K) < 


(4.65) 

(4.66) 

(4.67) 

(4.68) 


(4.69) 


(4.70) 
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Furthermore, using ()4.25p . (14.401) and ()4.42p . we write 

\G{x,t)\ < C\V^\'i-^\Vv\+C\Vv\'^ 

^ J^\\^^\\oo + C\\Vv\\t, 

C 


< —llVulU + CIlVull^. 

Using (I4.64p . (ii) of Proposition 14.71 Lemmas 14.101 and 14.141 together with p4.65p . we write for all 
t G [so, s] and x G M, 


C A'^ C 


Therefore, from (I4.70p and (I4.7ip we write with g{s) = ||Vu(s)||j;^cxj(r 

^ r g{t) + g{tY 


, ^ ^ ^9' 


dt, 


for some universal constant Ci > 0. Using a Gronwall’s argument, we claim that 


Vs G [so,SiJ, g[s) < 


(4.71) 


(4.72) 


(4.73) 


for So large enough. Indeed, let 


s* = sup |s G [so,s'i] I Vs' G [so,s], g{s’) < 


From p4.72p . s* is well defined and s* > sq. Suppose, by contradiction, that s* < s'^. In this case, by 
continuity, we have: 


v(s*) 


(4.74) 


By p4.72p . p4.65p and the definition of s*, we have, for all s G [so, s*], 

+2c,AVf‘-'-i 


g{s) < 

< 

< 

< 


CiA^ 

S^-3/3 

CiA^ 

sT'- 3/3 

Cl 

57-3/3 

3Ci 

2sT'-3/5 ’ 


+ C 
+ C 


/ 

-'So 




219 


(2Ci7l2) 


1 


59(7-3/3) 


+ 2Ci7l^s' 


-dt 


2.3/3-7-i 


'so 




zdt 


+ 


{2CiA^)^ ^ 2CiA‘^ 


59(7-3/3) -y_ 3 y 3 +l 


for So sufficiently large, since g > 1. This is a contradiction by (14.741) . Hence s'j^ = s*, and (14.731) holds. 
This concludes the proof of Part (i) when s < sq + 1. 

Case 2: s > so + 1. (Note that this case does not occur when si < sq + 1). Take s G (sq + l,si]. 
Then, we have for any s' G (s — 1, s] and t G [s — 1, s'], s > so + 1 > 2, hence s = s — I + l< 2(s — 1). 
Therefore, 

s — l<t<s'<s< 2 (s — 1) hence — < — < — <- < —. 

““ ! 5-5/-i-5_l-5 


(4.75) 
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From equation (I3.2p . we write for any s' € [s — 1, s], 

/•s' 

v{s') = - 1) + / 

Js-l 


29 


(4.76) 


where F{x, t) and are given in (I4.67P and p4.45p . Using Lemma [4.151 we see that for all s' G [s — 1, s] 
l|Vu(s')||ioc(R) < ||Ve(^'-*+i)^u(s - l)lkoc(R) + r ||Ve(*'-*)^F(t)||ioc(iR)dt 

7s-i 

c . „ r' l|F(t)llLo 


< 


y/l - 

Recall from p4.64p , Proposition 14.71 and p4.75p that 


v{s — 


f 

Js-l 


-1 \/l - 


dt. 


(4.77) 


|u(s — 1) 


< 


CA^ 


< 


CA^ 


(S - 1)7-3/? - 5/7-3/? 

for So sufficiently large. Therefore, using (I4.7ip . (I4.75p . we write with g(s') = ||Vu(s')||x,o 


ff(s') < 


s'7-3/? — e-(s'-s+l) 

, as for the previous c; 

V s' G [s - l,s], g(s') < 


, , r' + 


s-1 a/I - e-A-i) 

Using a Gronwall’s argument, as for the previous case, we see that for s large enough, 

2CiA^ 


s'7-3/? — e-(«'-«+i) 

Taking s' = s concludes the proof of Proposition 14.171 part (i), when s > sq + 1. 

Proof of Part (ii) Let us define the function 

4 sFa 42 

H{y,s) = ^2/3+1 (1 + lyl) + 54/3-1 + lyl^) + V s > 0, V y G M. 

We consider s G [so,si]. Since v G i?a(s), using Proposition 14.71 part (iii), we see that 

\v{y,s)\ < CH{y,s), for all y G M, 

provided that sq is sufficiently large. Similarly, since Uu(s) G dcAis), B(v) G 'dc(s) and R G dels) by 
Lemma [4.101 and 14.141 it follows that 

\Vv{y,s)\ + \B{v)\ + |R(y,s)| < CH{y,s). 

Using P4.25I) and p4.40p . we see by definition (I4.67P of F that 

\F{y,s)\ < CH{y,s) + -^|Vu(y,s)| + |Vu(y,s)|L 

Using the fact that v G i?a('S), it follows by the previous Part (i) that 

ll^^(s)lli°°(R) - ^5((j-i)(7-3y) ’ 

which is sufficiently small for sq large. Therefore, noting from p4.42p and (14.441) that 

{ 5 - 1 )( 7 - 3 / 3 ) = 1^<1 


we see that 


\F{y,s)\<CH{y,s) + 


5(q-l)(7-3/?) 


|Vu(y,s)|. 


(4.78) 
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Furthermore, we have by Proposition 14.51 Part (iii) that 

|V'(;(y,so)| < CoH{y,SQ), 

for some Cq > 0. If we introduce the norm (depending on s) 

r 


M{r) = 


then we see that 
We should show that 


H{;S) 
M{^v{so)) < Co. 


(4.79) 

(4.80) 


sup AA(Vu(s)) < M, 

s&[so,si] 

where M is a fixed constant to be determined later, in particular M > 2Co. We argue by contradiction. 
From (14.791) . we consider s* G (so^si) the largest one such that the previous inequality is satished. 
Using item (i) of Proposition 14.171 (which is already proved), we can restrict y to some compact interval 
depending on s. Then, using the uniform continuity, we deduce that 

AA(Vr;(s*)) = M, and M{Vv{s)) < M, for all s G [so,s*]- (4-81) 

We handle two cases: 


Case 1: s* < sq + 1- Recalling the integral equation (I4.68|) . we have that 

V s G [so,s*], Vv{s) = Ve("""“)^r;(so) + ^ 

Then, by Lemma 14.151 Part (ii) we have that 

A7(ve(^-^°)'^r;(so)) < CiUq, 

where Co is used in (I4.79p . and Ci > 0 is a constant. On the other hand, using (j4.78|l and (j4.8ip . we 
see that 


(4.82) 


(4.83) 


\F{x,t)\ < CH{x,t) + 


CA2(9-b 


|Vu(x,t)| 


< c 1 + 


^2(g-l) 


m \ H{x,t), V t G [so, s*]. 


t('?-l)(7-3/3) j 

Using Lemma 14.151 Part (vi) and (I4.65P we deduce that for so sufficiently large, 

JsQ 

^ 2 (q-l) 


dt 


< C 1 + 


(q-l)(7-3/3) 

^0 


M 


'so 


for some C 2 > 0. Hence, using also (|4.83l) . we get from (|4.82l) . 


H{y,t) 
^/l- eCs-t) 

1 


zdt 


y/l - eCs-t) 


dt H{y,s) 


|Vr;(y,s)| < CiCq + C 2 1 + 


^ 2 (q-l) 

(g-l)(7-3/3) 

^0 


M H{y,s), V s G [so,s*]. 


(4.84) 


(4.85) 
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Assuming that 

then taking sq large so that 

we see from (j4.85l) that 


M > max (2(70, 2(7i(7o + 4(72), 

^ 2 (q-l) 

-Tw-< 1, 


(4.86) 


M 


V s e [so,s*], V y e M, |Vu(y,s)| < {CqCi + 2C2)H{y,s) < —H{y,s), 


which is a contradiction by (I4.8ip . 

Case 2: s* > sq + 1- From (I4.76p . we write for any s' G [s* — 1, s*], 


rs' 

Vv{s') = Ve("'""‘+^)^i;(s* - 1) + / 

Jst-l 


(4.87) 


Since i;(s* — 1) G '!9a('S* — 1), by Proposition 14.71 Part (hi) we have |u(s* — 1)| < CH{y,s^), for sq 
sufficiently large. By Lemma 14.151 Part (vi), we have for all s' G (s* — l,s*] 


Ve(®'""*+i)^u(s* - 1) 


< C , ^ H{y,s^). 


\/l - e-P'-^*+P 


Hence at s' = s*, we have 

|Ve^u(s* - 1)| < C3H{y,s^), 

for some constant (Ps > 0. Proceeding as for (j4.84l) . we write 


Js,-1 


( \ 

< <^2 1 + (g_i)(^_ 3 ^) M H{y, s*). 


Then, from (I4.87p . we derive that 

|Vu(y,s*)| < |Ve^u(s* - 1)| + /* F{t)dt 

Js,-1 

H{y,s, 


< 


/ 32(g-l) 

(73 + C2 1 + , .w 


(q-1)(7-3/3) ■ 

Sq 


Fixing 

M = 2 max ((7o, CiCq + 2(72, + 2 C 2 ), 

and taking sq large enough so that (I4.86P holds, we see that 

M 

|Vi;(y,s*)l < ((73 + 2(72)i7(?/,s*) < —H{y,s^), 


and we get a contradiction with (j4.8ip . 

Since the value we have just fixed for M also leads to a contradiction in Case 1, we have just proved 
the validity of (I4.80jl . This finishes the proof of Part (ii). 


Proof of Part (iii) By Lemma 14.161 we have that 

dsV_ = Cv_ + F{y,s), 


_ r< 42 

|F'(y,s)| < —^(l + |y|^), VyG 


(4.88) 


with 


(4.89) 
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By Proposition 14.51 Part (iii), we have that 


1 


We should show that 


\Vv-{y, so)| < ^(1 + \y\ ), V y G M. 


M o 

|Vn_(y, s)| < —(1 + |y|^), V y G M, V s G [sq, si], 


(4.90) 


(4.91) 


for some M >2 that will be fixed later, provided that sq is large enough. 
We then distinguish two cases. 

Case 1: s* < sq + 1- From (I4.88p . we write 

u_(s) = e("-"°)^n_(so) + 

and 


'so 


|Vn_(s)| < |Ve("-"o)^n_(so)| + / F{t)\dt. 

J SO 

Then, by (14.651) . Lemma [4.151 Parts (v) and (vi) together with (I4.90p and (I4.89p . we see that 

1 


Vy G K, |Vu_(y,s)| < -^(1 + |y|^) + 

Sq s 

for So sufficiently large and some constant C 4 > 0. 

Case 2: s* > sq + 1. Using (j4.88p . we write 


'so 




dt {l + \yn 


Vu_(s) = Ve("-"*+i)^u_(s* - 1) + r Ve("-*)^F(t)df, s G (s* - 1, s*]. 

A.-i 


Since 


l?;_(y,s* - 1)1 < —(1 + |yp). 


from the fact that u G ?9 a('S* — 1), using Lemma [4.151 Part (vi), together with (j4.89p we get 


CA 


CA'^ 


|Vu_(y,s*)| < -—-^==(l + |y|3) + ^(l + |y|3) 

(s* — 1)' V1 — e ^ s* 


.-1 y/l - e-(s-t) 


-dt 


< 


-(1 + ii/r)- 


Fixing 

M = 2 max( 2 ,C' 4 ^^C' 52 l^), 

we see that (I4.9ip follows. This finishes the proof of Proposition 14.171 


□ 


4.2.4. Reduction to a finite dimensional problem. In the following, we reduce the problem to a finite¬ 
dimensional one. Namely, we prove Proposition [4]6j To do so, we project Equation (13.211 on the different 
components of the decomposition (13.131) . Let us first give those projections in the following proposition, 
then use it to derive Proposition 14.61 This is the statement of the following proposition. 
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Proposition 4.18 (Dynamics of the different components). There exists Aq > 1 such that for all 
A > Aq there exists so6(^) large enough such that the following holds for all sg > so6(^)- 
Assume that for some si > t > sg, we have 


v { s )£'& a { s ), for all sG[r, si], 

and that Vv{s) satisfies the estimates stated in Parts (i)-(ii)-(iii) of Proposition \4AA\ Then, the fol¬ 
lowing holds for all s G [r, si]; 

(i) (ODE satisfied by the positive modes) For m = 0 and m = 1, we have 

I’Lis) - (1 - ^)vm{s) < ^ 




(ii) (ODE satisfied by the null mode) For m = 2, we have 

/ ^ ^ I 2/3 + 1 ( \ ^ 

H- V2{s) < 


o4/3 


(hi) (Control of the negative and outer modes) We have 


v-{y,s) 


i + |y|= 


(s —r) 

< Ce —^ 


(s-t) 


V-{y,T) 


1 + \y\" 


+ c 


e ^^^||Pe(r)||L°° , C'(l-hs-r) 


'(^e('S)||L°° < C'e P \\VeiT)\\L^ Ce^ '"s^^ 


s^h 

v-{y,T) 


1 + \y( 


+ 


+ c 


S"/ 


(1 + (s - r)e^ ’■) 


Remark 4.19. In item (ii), the value of the coefficient 2/3 + 1 in front of ^ crucially comes from an 
algebraic identity at the end of the proof of this item, involving the parameter b defined in ()1.6p . 


Proof. The proof will be carried-out in 3 steps: 

- In the hrst step, we write equations satished by vg, vi. Then, we prove (i) of Proposition 14.181 

- In the second step, we write an equation satisfied by V 2 . Then, we prove (ii) of Proposition 14.18l 

- In the third step, we write integral equations satisfied by V- and Ve- Then, we prove Part (hi) 
of Proposition 14.181 


Step 1: The positive modes. As in the proof of Lemma 14.161 we project equation (13.21) . on the 
modes m = 0, 1 defined in (I3.13P : 


idsv)m = {Dv)m + {Vv)m + (R(u))^ + (G(u))^ + Rm, m = 0, 1, 2 
Recall from ()4.55p and (j4.6ip that 

Wm - idsv)m\ + (l “ y) 


2 2 

- - 52 / 3 - 1-1 ’ = 0 ) 1 ) 2 . 


(4.92) 


(4.93) 


On the other hand, for sg sufficiently large, by Lemmas 14.101 and 14.141 together with the hypotheses, we 
have 

C 

-, m = 0, 1. 


g2P+l' 


\{Vv)m + (R(u))^ + {G{v))^ + Rm\ < 

This proves (i) of the proposition. 

Step 2: The null mode. From (|4.92p . we have 

(5s'y)2 = {^'a)2 + iyv)2 + {B{v))2 + R 2 + (G(u))2 • 

Note that the hrst terms are estimated in ()4.93p . Using Lemmas 14.101 and 14.141 we write 

\{Vv)2 + {B{v))2 + R2\<-^. 
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Thus, it remains to prove that 


{G{v ))2 + 


2/3 + 1 




— g4:0 


in order to conclude. Let us prove that. Write 

V = Vihi + V2h2 + V. 

Then 

dyV = ui + 2 yv 2 + dyV. 

Write also 


(4.94) 

(4.95) 


G{V) = y \dyip + dyV\'^ - \dyip\'^ 

= y \dyip + dyv\^ - \dyLp + Vl + 2yV2\'^ 

+y \dyip + Ui + 2yv2\'^ - \dyip\'^ 

:= G^{v) + G‘^{v). (4.96) 

We begin by estimating G^{v). If x is defined in (13.9p . we have 

|xG^(^^)| = yx \dyy^ + dyv\^ - \dyLp + vi + 2yv2\'‘ 

= yx \dy^ + t”! + ‘2yv2 + <9yu|'^ - |<9y+ + ui + 2yu2|'' 

< G\dyip + vi + 2yv2 + 9dy^'^~^\dy^x-, 

for some 9 € [0,1]. Note from (I4.95h and (I3.13p that v = vq + V- + Ve- Then, dyV = dyV- + dyVe = 
dyV- + (1 — x)dyV — dyxv. Since we assumed that v{s) £ i^aIs) and dyV satisfies the identities stated in 
Parts (i), (ii) and (iii) of Proposition 14.171 it follows that 

GA^ 

V \y\ < 2Ks^, \dy^ < —^(1 + |y|^), for sq large enough. 

Then, we write from (14.251) . (14.421) and the fact that v{s) G i9a(s), for all |y| < 2Ks^, 

\dyip + Ui + 2 yv 2 + 9dyv\<^-^ < G [\dy^r^ + + \y\‘^-^\v 2 r^ + \dyvr^] 


< 


C\y\ 


g-l 


+ 


GA 1 


-1 


+ 


^ t g-l 

GA 2 


+- 


G. 


g g{2p+l){q-l) g(4/3-l)(g-l) 

C7+2(q-l) 


\y\ 


q-l 


s7(g-i) 


1 + 

^ 1 CA2(9-1) 


1 + 


for So large enough, where we need the fact, that 7 < 2/3 + 1, and (4/3 — l)(q' — 1) = (4/3 — l)/(2/3) = 
2 — l/(2/3) > 1, because /3 > 1/2. Hence, since 7(7 > 7 + 1 from (14. 3 p and (|4.42|) . we get 

G A^i G A‘^1 

s + li'l"’) s ^(1 + |9|=’). 

Then, since 7 > 4/3 — 1, we get for sq sufficiently large, 

xG^{v)k2p 


I 


GA^<i 1 

- s7+l 


(4.97) 


Let us now consider G‘^{v). Using (I4.25P we write 

26k y 


dy(p = - 


(p — 1)2 s2^ 
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hence 


On the other hand, since 


= 


{p-iy) s2/3+l ^ V ^4/3+1 y 


I 2/3i - I 9/3i 

\v 2 S ^ < r,n ^ 0 as s ^ oo and mi 5 ^ <- > 0 as 5 ^ oc, 

cZp I 


(4.98) 


(4.99) 


we write 


dyip + ni + 2 yv2 = - 


25k y 

(p — 1)2 s 2 /^ 


52/3 1 


,1 


1 — Vl- -- — 2V2S^^— + O 

y a a 


1 ^ 

,2/3 


for \y\ < 2Ks^, y ^ 0 and where a is given in (I2.2,4|) . Let us consider two subsets: 


I = 


jy I \y\ > ^ J = ^y\\y\ < 


(4.100) 


Let £q > 0. If \y\ < £qs^ and y & I, since 2j5q = 2/3 + 1, we have 
\dyLp + Vl + 2 yv 2 \'^ = 


/ 25k " 

•0 

-1 

V(p-l)^ 

1 s2/3-hl 


2/3 1' 

1 — qvi - 2 qv 2 S 

y a a 


+0 (^) + + o 


hence, from (14.961) and (I4.98p . 




y s 




Then, since 1 < q < 2, using the fact that function ^ is odd, we get from (j4.99p . for so large enough. 


L 


xG^{v)k2P = -2qpa'^ f 

/n{|y|<£os^} '® 


l-ui 

+^( „4/3+l ) o6.a-l ) o2/3-|-3^' 


\y\'^k 2 P 


Then we write 


with 


Using p4.99p . we write 


and 


'^\v\\s'^P <\y\<e<isP 


\yVk2p = [ \y\‘^k2P 

Jm 


lext lint 


hxt = / Wk 2 P and Unt = / \yVk 2 p. 

J\y\>£osi^ 


lint < / \yVk 2 P < - 


kp.T.t + Oe 


-.+/3 
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Therefore, using again (I4.99P we see that 

/ 

J /n{|i/|<£os'®} 


xG'^{v)k2p = -2qpa‘> f |y|g/j2p + 0 


24-?+! 

g4/3+g-l 


+o{-^) + o{^^) + o(-2^) 


= - 2 qpa‘i f \y\ik 2 p + 0 {^), 

s Jr s 

since p > 3, /3 < |. 

Since (4/3 — l)q > 2f3q = 2/3 + 1, using ()4.25l) and (|4.99p . we see by definition p4.96p that 

\G\v)\ < G\dyq,\'^ + G\vi\‘> + C\v 2 W 


(4.101) 


< 


GA‘1 ^ CAG^\y\<} 


59(2/3+1) 


,2/3+1 


In particular, 


'\y\>eosl^ 


xG‘^{v)k2p 


< 


GA^e 




< 


- ,2/3+1 - ,4/3 


(4.102) 


and, using p4.99p again, we see that J C {|y| < —}, hence 

xG\v)k 2 P 


L 


GA1 f GA<iG f 

- sA2J+1) S2/3+1 ^ 


< 


(7^(q/2)+9+1 ]_ 

< 


^9(2/3+1)+1 ' 59(2/3+1)+9+1 ^ ^ 

from the fact that q{2l3 + 1) + g = 1 > q{2(3 + l) + l = 2/3 + g + 2> 4/3, by p4.42p and the fact that 
q > 1 > /3. Finally, by definition (I4.100p of the sets I and J, and estimates (I4.10ip . (I4.102P and (j4.103p . 
we see that 

,_iU 2 (s) 


[ xG‘^{v)k2p = -2qpa'^ f \y\q]^^p ^ o{^). 

J •S JR S ^ 

In conclusion, from (j4.97p and (14.1041) . we have 


(4.104) 


{G{v ))2 = --V 2 + 0 { ^ 


with 


c = 2 qp 


26k 


9-1 


\y\‘^k 2 p. 


Xp - 1)^ 

From the particular choice of 6 given in pi.Op , together with the definition (12.9p of k 2 and identity (12.lip , 
it appears that 

c = 2/3 + 1 

and (14.941) follows. Since (I4.94P was the last identity to check for item (ii) of Proposition 14.181 we are 
done. 

Step 3: The infinite-dimensional part v- and Vg. Let us write the equation (j3.2p on v in the 
following integral form: 

/ S /* S /* 5 

S{s, a)B{v{a))da + / S{s, a)R{a)da + / S{s, a)G{a)da, (4.105) 

where S is the fundamental solution of the operator C + V. We write 

V = A + B + C + V 
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where 


A{s) = S{s,t)v{t), 

C(s) = J S{s,a)R{a)d 


B{s) = [ S{s, a)B{v{a))da, 
V{s) = i: S{s, a)G{a)da. 


(4.106) 

(4.107) 


We assume that v{s) is in '!?a(s) for each s G [r, r + p], where p > 0. Clearly, from the choice we made 
for K right after (13.Op . the proof of Proposition 14.18l Part (iii) follows from the following; 

Lemma 4.20 (Estimates of the different terms of the Duhamel formulation (j4.105|) ). There exists some 
iPs = K^{N > 0 such that for whenever K > K^, there exists > 0 such that for all A > A^, and 
p > 0 there exists so 5 (^, p), such that for all sq > so 5 (^, p), if we assume that for all s G [t,t + p], v{s) 
satisfies USA) . v{s) G ^a{s) and dyV satisfies the estimates given in Parts (i)-(ii)-(iii) of Proposition 
\4-l'A with T > So, then, we have the following results for all s G [r, r + p]: 

(i) (Linear term) 

-( s - t )2 


A-{y,s) 


1 + |y|' 






v-{y,T) 


1 + \y\'^ 


+ C- 




(s-t) 


\\Ae{s)\\L^ <Ce p ||ne(r)||Loo + 


g3/3 
V-{y,T) 


Ve{T)\\L-^ + 


c 


(ii) (Nonlinear source term) 

C 


1 + \y\'^ 


c 


+ 


c 


s'y-30 ■ 


|^-(y,s)| < —(s-'r)(l + |y| ), ||^e(s)||L- <-^(s-T)e 


s'f 


(iii) (Corrective term) 


\C-{y, s)l < ^(s - r)(l + |y|^), ||Ce(s)||Loo < -^(s - r)e^ 


(iv) (Nonlinear gradient term) 

C 


C 


\V_{y,s)\ < ^(s-r)(l + |y|^), ||Pe(s)||L°° < 

Proof of Lemma \4.20\ : We consider ^ > 1, p > 0 and sq > p. We then consider v{s) a solution of (13.21) 
satisfying v{s) G ’dA^s) such that dyV satisfies the estimates given in Parts (i)-(ii)-(iii) of Proposition 
14.171 for all s G [r, r + p], for some r > sq. 


(i) The proof of (i) follows by simple modifications of the argument for |22l Lemma 3.5], see also [1]; 
in fact, making the change of variable in the potential 

V{y,s) = V{y,s), with Vf = 

we reduce to the case of the standard nonlinear heat equation treated in [22] . For that reason, we omit 
the proof. 

(ii) -(iv) Consider sq > P- If we take r > sq, then r + p < 2r and ifr<(T<s<T + p then 

1111 , , 

(4.108 

2 t s a T 

Let us recall from Bricmont and Kupiainen [4] that for all y,x G M 

\K{s,a,y,x)\ < Ce^^~'^^^{y,x), l<a<s<2a, (4.109) 

< C'e(*"‘^)(l + IpD, m > 0, 1 < 0 - < s < 2a, (4.110) 


I\K{s,a,y,x)\{l + \x\'^)dx 
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where is given in ()4.45p (see [U p. 545]). The proof of (ii)-(iv) follows by using the fact that i?, i?, G 
are in the linear part estimates (i), and by integration. This concludes the proof of Lemma 14.201 

and Proposition 14.18l too. □ 

Now, with Proposition 14.18l which gives the projection of the equation (j3.2p on the different compo¬ 
nents of the decomposition (I3.13|) . we are ready to prove Proposition 14.61 


Proof of Proposition Let us consider A > max(^ 6 )l)) and sq > max(si 4 ( 74 ), soeC^))- Later in the 
proof we will fix A larger, and sq larger. From our conditions on A and sq, we already see that the 
conclusion of Proposition 14.171 holds, and so does the conclusion of Proposition 14.181 We then consider 
V a solution of (13.21) with initial data given by (|4.2p with {do, di) G Vt, such that v{s) G ^a{s), 

for all s G [so,si] with u(si) G 


By definition 14.21 of it is enough to prove that 


I t M 

h2(si)| < 


v-{y,si) 


i + lyp 


A 

< ^ and 


T 2 


be(si)||L°°(K) < 


(4.111) 


We begin with V 2 - Assume by contradiction that 


, ^ '/A 

Since for all s G [soj^i], |r’2(s)| < ■, it follows by differentiation that 

*1 

u^(si)>-(4/3-1)^, 

on the one hand. On the other hand, since we have from Proposition 14.18l 

1 


, 213 + 1 

'^ 2 +) =- '^2 + ^ 


o4/3 


we see that 


I ( \ ^ 2/3- 1-1 C C — -\/A(2/3 -|- 1) 

V2[Si) < - V2{si) + ^ = - 40 -. 

■Sl 


This leads to a contradiction with the previous inequality, for A sufficiently large, since /3 < 1, hence 
4/3 — 1 < 2/3 -|- 1. Similarly, we get a contradiction if U 2 (si) = —Thus, |u 2 (si)| < 4 ^ 1 . 


To prove that (I4.11ip holds for v- and Ve, it is enough to prove that, for all s G [sq, si], 


be(s) 




1 A 2 


2 ’ 


v{y,s) 


1 + |y|' 


< 


1 A 

2 i^’ 


(4.112) 


provided that A is large enough, and sq is large enough. Define a = log(A/C'o), with Cq > 0 an 
appropriate constant to be chosen later, and take sq > < 7 , so that for all r > sq and s G [r, r -|- cr] , we 
have 

1112 

T < s < T + a < T + So < 2 t, hence — (4.113) 

2 t s T s 


We consider two cases in the proof of (14.1121) . 
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Case 1: s < sq + cr. Prom our estimates on initial data stated in item (ii) of Proposition 14.51 it is 
clear that (I4.112P is satisfied with r = sq, provided that ^4 > 2. Using Proposition 14.18l Part (iii), with 
r = So, as well as (I4.113P and estimate ()4.6p . we get 


v-(y,s) 


1 + li/l" 


L°°( 


< 

(s-sn) 

Ce 2 


C (a-so) 

< 

—e 2 


s'! 


c , 

< 

-T (1 +f^) 




1 + W 


L°°( 


+ ||?^e(so)||L°° + —(1 + s — So) 


+ + S - So) 


and 


l^^e(s)||L°° < Ce p° ||ue(so)||L°° + Ce^ 


v-{y,so) 


1 + |y|' 


c 


+ (1 + (s - so)e^ ^°) 


< 

< 


(l + (s - 50)6^* ®°) 
(e^ + 1 + ae^) . 


Since a = log taking A sufficiently large, we get (j4.112h . 

Case 2: s > so + (t. Let r = s — cr > so- Applying Part (iii) of Proposition 14.181 and using the fact 
that v{t) G i9a(t), we have 


v-{y,s) 


1 + li/l' 


(s —r) 

< Ce —^ 


v-iy,r) 


1 + \y\^ 






(J 

Ve{T)\\L-- + —(1+S-r), 
S' 


< 


C 

A)" 


(^e~^A + + 1 + 


and 


(s-t) 


(s)||l°° < Ce p ||ue(r)||i,cx, + Ce^ ’"s^^ 


u(t) 


1 + Iy|^ 


c 


L°° 


+ (l + (■s - 'r)e" 


< 


gp 

s7-3/3 


e pA^ + e'^A + 1 + o-e" 


for some Cq > 0 . 

Fixing Co = IOCq and a = log then taking A sufficiently large we see that (I4.112P follows. 

In conclusion, we have just proved that (j4.112p follows in both cases, hence (j4.11ip follows too. Since 

1 2 \ 


u(si) G d'dA{si), we see that (uo(si), ui(si)) G d | 
concludes the proof of Part (i) of Proposition 14.61 


2 / 3+1 ! 2 / 3+1 


, by definition 14.21 of i9+i(s). This 


(ii) From Part (i), there exists m = 0, 1 and a; = ±1 such that 

A 


Vmisi) = U- 


2 / 3+1 ■ 


1 


Using Part (i) of Proposition 14.181 we have that 

w^^m(si) > (l - y) wum(si) - > (l-y)A-C^ 

s 

Hence, for A large enough, u}v!^{si) > 0. This concludes the proof of Proposition 14.61 


2/3+1 ■ 
1 


□ 
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5. Single point blow-up and final profile 

In this section we prove Theorem [TJ To do so, we first establish a result of no blow-up under some 
threshold. This is done in a separate subsection. In the second subsection, we give the proof of Theorem 

m 

5.1. No blow-up under some threshold. In this section, we prove the following result which is 
similar in the spirit to the result of Giga and Kohn in |16l Theorem 2.1, p. 850], though we need 
genuine new parabolic regularity estimates to control the nonlinear gradient term, and this makes the 
originality of our contribution. This is our statement: 

Proposition 5.1 (No blow-up under some threshold). For all Cq > 0, there exists eo > 0 such that if 
u{f^,T) satisfies for all |.^| < 1 and r G [0,1), 

\dtu - Au\ < Co (1 -f \u\P + |Vtt|'^), 

\dtVu - A{Vu) - nV\Vu\fi < Co (1 + |Vu||u|p-i) , 
with q = p > 3 and /i G M, together with the bound 

|u(C,r)| -1- Vl - T|Vu(^,r)| < eo(l - r)"T^, (5.1) 

then 

V ICI < 1/16, V r G [0,1), |u(^, r)| -F |<9 ^m(C, r)| < Meq, 
for some M = M{Co,p, p) > 0. In particular, u and |Vtt| do not blow up at f = 0 and r = 1. 

We proceed in 2 parts in order to prove this proposition: 

- In Part 1, we write Duhamel forumlations satisfied by truncations of the solution and its gradient. We 
also recall from m an integral computation table. 

- In Part 2, using the previous estimates and an iteration process, we give the proof of Proposition 15.11 


Part 1: A toolbox for the proof 

In this part, we give a Duhamel formulation for the equations satished by u and its gradient. 
Denoting by Br the set {x G | \x\ < r}, where r > 0, we establish the following Lemma: 


Lemma 5.2 (Truncation and Duhamel Formulations of the equations). Let r G (0,1] and fir be a smooth 
function supported on Br such that fir = I on Br /2 and 0 < fir < I- Let w = firU, wi = firV, v = Vrt, 
where u is as in Provosition I5.il Then we have the following for aZZ ^ G M and 0 < r < 1, 

(i) \—drW + Aw + uAfir — 2V • {u'S/fir)\ < Co (l -|- |rc|-|- |Vtt|'^). 

(ii) \—drWi + Awi + vAfir — 2V • {vVfir) + //V • < Co(l -|- |tci||rt|P“^). 

(iii) 


\w{t)\\loo < \\u{0)\\Lo.^Br)+C [ {t - s) ^^‘^\\u{s)\\Lo.(Br)ds 

Jo 


IV 


f 


kl(T)||L°° < ||Vu(0)|Uoc(s,) +C / {t- s) ^^^\\Vu{s)\\L^(Br)ds + C 


IP-1 I 


w^i(s)||L°°ds 


+C(r-s) ^^'^\\wi{s)\\L^\\Vu{s)\\lJ^^^-^ds + C ||Vu(s)|||^(^^)(is. 

Remark 5.3. The truncated functions w and wi do depend on r, but we omit that dependence in 
order to avoid complicated notations. 
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Proof. 

(i)-(ii) The proof is trivial. 

(iii)-(iv) We only prove item (iii) since item (iv) follows similarly. 

Writing the equation given in item (i) in its Duhamel formulation, we see that 

w{t) — e'^‘^w{0) — f [uA(fr — 2 V{uV4)r)]ds 

Jo 

<C r [\u\P-^\w\] ds + C r e^^-^'>^\Vu\^ds, 

Jo Jo 

where is the heat semigroup. Recall first the following well-known smoothing effect of the heat 
semigroup: 

||e"^/||Lco < ll/llico, ||Ve"^/||ico < Vt > 0, / G 

Since the truncation is supported in the ball Br, only the L°°(Br) of u and Vu are involved, and 
item (iii) follows. This concludes the proof of Lemma 15.21 □ 

Now, we recall the following integral computation table from Giga and Kohn m 

Lemma 5.4 (An integral computation table; see Lemma 2.2 page 851 in Giga and Kohn [E]). For 
0 <a<l,6>0 and 0 < r < 1, the integral 

I{t) = f {t — — s)~^ds 

Jo 

satisfies 

(i) I{t) < ((1 — a)~^ + {a + 6 — 1 )“^) (1 — if a + 9 > 1, 

(ii) /(r) < (1 - q)~^ + I log(l - r)| if a + 9 = 1, 

(iii) I(r) < (1 — a — 9)~^ if a + 9 < 1. 

Part 2: The proof of Proposition 15.11 

Using the various estimates of Part 1, we are ready to proceed by iteration to prove Proposition 15.11 


Proof of Provosition [5!7l We follow the iteration method of Giga and Kohn [161 Theorem 2.1, p. 850], 
based on the Duhamel formulations given in Lemma 15.21 though we need here new ideas coming from 
sharp parabolic estimates. We give the proof in 4 steps, improving (|5.ip step by step, in order to prove 
the boundedness of u and Vu at the end of the 4th step. 


Step 1 : We apply Lemma 15.21 with r = 1. If u;i = fiiv with v = Vrt, then we have from item (iv) in 
Lemma 15.21 together with the bound (15.ip : 

lkl(T)||L- < \\Vu{0)\\l^^b^)+C j {t - s)-^\v{s)\\L^^Bi)ds + C J ||M(s)||^';;^(^^)||u;i(s)||Locds 




+c {r-s) ^\wi{s)\\L-o\\Vu{s)\\lJ^^^.^ds + C ||Vn(i 

< eo + Ceo [ {t - s)~^{l - s)~F^~^ds + [ (1 - s)“^||t(;i(s)||i,oods 

Jo Jo 

+Csl~^ f (r - s)“2(l - s)“2 ||uii(s)||i,oods + f {I - s)~^ds. 

Jo Jo 


Since q < p, using Lemma 15.41 we see that for cq small enough, we have 
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Using a Gronwall’s argument together with Lemma 15.41 we see that 

VrG[0,1), llryillLoc < 2Ceo(l - 

for £q sufficiently small. In particular, since wi = 'Vu when |,^| < it follows that 

VtG[ 0,1), V|e|<^, |Vu(C,t)| <2Ceo(l-r)-i^, (5.2) 

which improves the bound on Vu in (I5.1jl . when |^| < 

Step 2: Now, we take r = ^ and focus on re = 4>i/2U. Using item (iii) in Lemma 15.21 together with 
(j5.ip . (15.2p and Lemma EU we write 


lk(T)||Loo < \\u{0)\\l^(^b,^^)+C (t-s) ^/^\\u{s)\\L^^B,^2)ds 

< So + Ceq f (r - - s)“^ds 

Jo 

+C£q~^ [ (1 - s)“^||r(;(s)||Loods + Ceq [ (1 - 

Jo Jo 

< Ceo + Cel~^ f (1 - s)“^||ui(s)||Lcx>ds, 

Jo 

(remember that p > 3). By Gronwall’s inequality, we deduce that 

||'»^('r)||Loo < C(1 - ,VtG[0, 1). 

Since w {^, t ) = for all |^| < it follows that 

VrG[ 0 ,l), V|^| < ^, \ 


(5.3) 


Step 3: For the step 3 we take r = 1/4. We now consider wi = := (J)xi/^u. Applying item (iv) 

in Lemma 15.21 and using the bounds (15.21) and (15.3p . together with Lemma 15.41 we see that 

||w1i(t)||loo < \\Vu{0)\\L<^{By^) + C {t- s)-^\Vu{s)\\Loo(^B,/^)ds 

Ms)\\l~:}^j^^^J\wi{s)\\L--ds + cJ^ (r - s)"^ ||h)i(s)||Loc ||Vu(s)||®';;,^(^^^^)ds 

< £o + C£o r {t - + C r (1 - s)-^^P-^^^0~"\\wi{s)\\Loods 

Jo Jo 

+C4"^ [\t - s)-^/2(l - s)-^/(P+^)||'«)i(s)||Loo(is + Cel r(l - 

Jo Jo 

< Ceo + Cel~^ f (r - s)“^/^(l - s)“^/(p+^)||t()i(s)||i,<x.ds 

Jo 

for cq small enough (remember that p > 3). Using again Gronwall’s technique, together with Lemma 
EM we see that 

||w1i(t)||loo < Ceo, V T G [0,1). 
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Since 'Wi{^,t) = Vu(^,t) when |^| < ^ it follows that 


VTe[0,1), V|C| <-, \Vu{C,t)\ <Cso. 


(5.4) 


Step 4: For the step 4 we take r = 1/8. We now consider w = (pi/gu and use item (hi) in Lemma 
15.21 the bounds in (15.Ih . (15.2h and (15.4h . together with Lemma [53] to derive that 

||wi(r)||L- < lk(0)||L-(Bi/8 )(^-s)"^^^II«(s)||l-(Bi/8)'^s 

+C [ Ms)\\l~^(^j^^^J\w{s)\\L--ds + cf 
«/ 0 0 

< Ceo + C r{1 - s)-^^P-^^^o~"\\w{s)\\L^ds 

Jo 

(use the fact that p > 3). Again, by Gronwall’s argument, we see that 

||Ri(T)||L-> < Meo, V r G [0,1). 

Since r5(^,r) = n(^,r), for all |^| < and r G [0,1), it follows that 

VrG[0,l), V|C| < ^, |u(^,r)| < Ceo- 
Using (15.41) and (|5.5p . we get the conclusion of the proof of Proposition 15.11 


(5.5) 

□ 

5.2. Proof of Theorem [1]. This section is dedicated to the proof of Theorem [T1 We will present the 
proofs of items (i), (ii) and (hi) separately. 

Proof of TheoremUl Part (i). If we introduce for e > 0 

7 = min(5/3 — 1,2/3 -|- 1) — e, (5.6) 

and recall that p > 3, then we see that (14.,81) holds, provided e is small enough. Therefore, our strategy 
in Section m works, and we get from Propositions 14.41 and 14.71 the existence of a solution v to equation 
(|,8.2I) . defined for all y G M and s > sq, for some sq > 1, such that 

(j 

Vs > So, ||u(s)||vi/i.oo(R) < 

Then, using (13.ip . this yields w{y, s), a solution to equation p2.2p . defined for all y G M and s > sq, such 
that 

(j 

\\w{y, s) - (p{y, s)llvvi.oo(R) < 

where the profile (p is introduced in ( 12 . 211 ) . 

Introducing 

T = 

and the function u{x,t) dehned from w{y,s) by (| 2 .ip . we see that tt is a solution to equation (|l.ll) 
defined for all x G M and t G [0, T), which satisfies 

(T -t)P^u{yVT -t,t) -yP ^ Ml - ^ 


VtG [o,r). 


< 


VET- 


log(r - t)|T'-3/3 


(5.7) 


iog(r-t)|^ 

(use here the fact that 7 — 3/3 < 2/3 which comes from (14.3p ). 

In particular, u{t) G IU3’°°(M), for all t G [0, T), and Y\mt^T{T — t)^u{0,t) = {p — 1)^, hence 
u{0,t) = 00 , which means that u blows up at time t = T, (at least) at the origin. Moreover, we 

have 

II^(^)IIl°°(e) < C(T — t) p-i, V t G [ 0 , T). 
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We now turn to proving that \Vu{x,t)\ blows up at the origin. By Proposition 14.171 part (ii), and (j3.ip . 
we have for all s > — log T and y G M, 


A \/A 

\Vw{y,s) -V(p{y,s)\ = |Vu(y,s)| < C^^{1 + |y|) + + \y\^) + C—{l + |y|^). 

Put y := y{s) = s", with 0 < a < min(2;0 — 1, ). Then, from (I4.25p . we see that 


dyy^{y{s),s) = - 


2b y{s) 
{p - 1) s2/3 




y{s) 


c 


,2/3-0 


as s 


oo. 


The conditions on a imply that | Vr(;(y(s), s)| ~ Cs" as s —)■ oo. By the relation between w, u; 
y, s, t and x given in (|2.ip . we get 


Vti 

In particular, 


(Vt^I iog(r -1)|“,t) I ~ c(r -|iog(r - 


oo as t —)• T. 


||Vn(t)|Uco(R) > C (T - |log(r - . 

Since y/T — t| log(T — t)|" —^ 0 as t —)• T, Vrt blows up at time T, (at least) at the origin. 

Since ()1.4p follows from (j5.7p and (j5.6p , this concludes the proof of item (i) of Theorem [TJ □ 


Proof of TheoremUl Part (ii). Consider xq ^ 0. By Part (i), we have that 

(j 

■s) - 

for all s > So = — logT. Using the relation between re, u, y, s and x, t given by m, and by the 
dehnition of ip given by (12.211) . we get that 


sup (T — Wu(x t)l < _C_ 


—y 0, cis t —y 


(5.8) 


and 


sup {T — t)p-^ \u{x,t)\ < 
|a;-xo|<l^ 


|xo|/2 


VT^t\ iog(r-t)|/5 


+ 


c 


\log{T-t)r^f^ 


0, as t —)• T. (5.9) 


Consider <5 > 0 to be chosen small enough so various estimates hold. Then, for Kq > 0 to be fixed later, 
we dehne tQ{xo) by: 

|xo| = Kq^/T - to(xo) |log (T - to(a:o))|^ , if l^^ol < (5.10) 

to(xo) = to{5), if |xo| > 6. 


Note that to{xo) is unique if |xo| is sufficiently small. Note also that to{xo) —>• T as xq —)• 0. Let us 
introduce the rescaled functions 

U{xo,f.,T) = {T - to{xo))P^ u{x,t), (5.11) 

y{xo,C,r) :=V^U{xo,f,,T), (5.12) 

where 

x = xq + CVT -to{xo), t = to{xo) + t{T - to{xo)), ^ G M, T G !)• 

It is easy to see from (15.81) and (15.91) that Proposition 15.11 applies to U{xo,-,-), hence that xq is not a 
blow-up point of u and Vrt. Let us insist on the fact that our argument works for any xq 7^ 0 without 
any smallness assumptions, thanks to the adapted definition of to(2^0) in (15.10p . This proves the single 
point blow-up result. Thus we deduce that u and Vu blow up simultaneously at time T and only at 
X = 0. □ 
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Proof of TheoremUl Part (in). We divide the proof into two parts. In the first part we show the exis¬ 
tence of the hnal profile u*. In the second Part, we find an equivalent of u*, and bound \dxU*\. 

Part 1: Existence of the final profile. In this part, we show the existence of a blow-up final profile 
u* G (M \ {0}) such that u{x, f) —u*, as f —)• T, in of every compact of M \ {0}. The case /r = 0 
is treated in [30]. In comparison, with the case ^ = 0, we need to use advanced parabolic regularity as 
in Proposition 15.11 which is the extended Giga-Kohn no-blow-up result for parabolic equations with a 
nonlinear gradient term. 

If u = Vu, then, we derive from equation (jl.ip the following system satisfied by {dtu,dtv) : 

dtu = Au + fj,\v\'^ + \u\^~^u (5-14) 

dtv = Av + fiV {\v\'^) + p\u\^~^v. (5.15) 

Since we know from Part (ii) that u and v are bounded uniformly on /C x [0, T) for any compact set 
/C C M \ {0}, using parabolic regularity techniques, similar to Proposition 15. we can show that dtu 
and dtv are also bounded on fC' x [T/2,T) for any JC' CM \ {0}. Therefore as in [20] . there exists u* in 
(M \ {0}) such that u{t,x) —)■ u*{x) and dxu{x,t) —)■ dxU*{x) as f —>• T, uniformly on compact sets of 
M\{0}. 


Part 2: Equivalent of the final profile. Let us now find an equivalent of u* as x ^ 0. Consider 
xq / 0. Since tt is a solution of the equation (jl.ip and q = 2p/(p + 1), \t follows that U and V defined 
in (I5.1ip - (j5.12l) satisfy the equations: 


By Part (i) of Theorem (U we have: 


sup 

ICI<6|log(T-toGo))|^/" 


with 

and 


sup 


= A^U + p\V^U\i + \U\P-^U, 

(5.16) 

: A^V + pVY\V\Y + p\U\P-^V. 

(5.17) 


(5.18) 

7 = min(/3/2,7 - 3/3), 

(5.19) 

lU(xo,C,0)| < ^^,7-3/3■ 

)|/3/2 |log(r-fo(xo))r ^ 

(5.20) 


Using ()5.8p and ()5.9I) . we see that for all r G [0,1) and |^| < 6 |log (T — to(xo))j^'^^, we have 


(1 - r)p-i [\U{xo,C,t)\ + Vl - r|U(xo,C,T)|] < + 


C 


log(T-fo(xo))l^- 3 /^ 


with 


eo —)• 0 as |xo| —)• 0 and Kq —)• oo. (5.21) 

Fixing Kq large enough and |xo| small enough, we can make eo{KQ,xo) < eg, where eg is defined in 
Proposition 15.11 Applying Proposition 15.11 we deduce that for all r G [0,1], 

sup [ll7(xg,^,T)l + IV(xg,^,T)l] < Mg = M^, (5.22) 

|C|<5|log(T-toUo))|'^/" 

for some M > 0. With these estimates, we proceed in three steps to finish the proof of item (iii) in 
Theorem dl using a truncation argument, as for Proposition 15.11 and recalling the definition of Y given 
in (l5Jm : 

- In Step 1, we show that 

C 


VtG [0,1), V|C| <2|log(^-^o(xo))|^/^ |U(xo,C,r)| < 


|log(r-fo(a;o))r 


(5.23) 
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In Step 2, we show that 

Vre [0,1), Vj^i < |log(^-^o(xo))|^/^ \U{xo,^,t)-Uko\ < 


c 


\log{T - to{xo))r 


(5.24) 


where UKq is the solution of the ordinary differential equation 

U'Koir)=TFj,^{T), 


with initial data 
given by 

- In Step 3, we justify that 


UKoiO) = ^^{Ko), 


UKo{r) = {{p-m-T) + bKi) -1. 


(5.25) 


y, r £ [^,1), V ICI < ^ |log(r- to(a;o))|^^^ , |«9r^^(a;o,^,T)| + \drV{xo,^,T)\ < C, 


(5.26) 

which yields limits for U and V as r —^ 1, hence for u and dxU as t —)■ T, by definitions (j5.11l) and (j5.12l) 
of U and V. 

Let 0 € C'°°(M) be a cut-off function, with supp (/> C B(0,1), 0 <</> < 1 and </>= 1 on B(0, 1/2). 
Introducing 


we see that 




0r(O = 0 


c 


/3/2 ’ 


log(r - to(a;o))| 2 


r |log(T - to(a;o))| 


and ||A(/)r||i;,oom\ < 


C 


iog(r - to(a;o))l^' 


(5.27) 


(5.28) 


Step 1: Proof of (I5.23p . Let us consider r = 2 and introduce 

V2 = f>2V. 

Then, arguing as for Lemma l5.2[ we have for all ^ G M and r G [0,1), 

drV2 = + VA^(f2 - 2V^(VV^cf2) +p\U\P-^V2 + {\V\'i-‘^VV2) - p\V\^V^(f2- 

Taking the L°°-norm on the Duhamel equation satisfied by V 2 , then using (|5.27l) , (I5.22p and (|5.20l) , we 
get for all r G [0,1), 

l|U(T)||,„,., < ||U(0)||,„,.) + /// + 

|log(r - to(3;o))r |log(T - to(a:^o))r^ 


+Mq / 111/2(5)11x00(^)^5 + CMq 

Jo 


10 




-ds + 


0 


|log(r - to(a;o))|^^^ 


< 


C 


|log(r-to(a:o))| 


ZT + Cpo / - - ' ds, 

^ Jo y/T- s 


where po = max(Mg~^, Mg~^, | log(T — to(a/o))|~2). Since po can be made sufficiently small by taking 
jxoj small enough and Kq large enough (see (I5.2ip and (j5.221) 1. using Gronwall’s inequality, we deduce 
that 

2C 

II^2 (t)||xoo(r) < ——)—Vr G [ 0 , 1 ), 


|log(r - to(3:o))| 


and (|5.23l) follows. 
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Step 2: Proof of (I5.24p . Let us consider r = 1 and introduce 

U = U-Uko, Ui = hU. 

Then Ui satisfies the equation 

drUi = AUi +UA^i - 2V{UV4>i) + aUi + /x|VC/|Vi, 

where 


a{xo,f.,T) = 


Uixo,f.,T) - Uko 


if C/(xo,^,t) / Uko, 


p _^ 

a{xo,^,T) =pUk^ (t), Otherwise, 


and satisfies 

|a(a:o,^,T)| < Cpi 

(15.271) and the Duhamel equation on Ui , we get 

CMo 


where rji = max(iLQ Mq 0 as |xo| —)• 0 and Kq —)• oo, by (|5.25p and (15.221) . Using (I5.18p . (15.231) . 




+ 


+ 


CMo 


< 


\log{T-to{xo))f \\og{T-to{xo))f^^ 

C 

-—————:^ + Cr ]2 ||7/i(s)||ioc(R)ds, 

|log(T - to(a;o))| -^o 


where 7/2 = niin(r/i, 1/ |log(T — to(a^o))|^^^)- Since 7/2 0 as |xo| —>• 0 and Kq —^ 00 , using Gronwall’s 

inequality, we deduce that 

C 


ll^l(^)l|oo < 


|iog(r-to(a;o))r‘ 


7, Vr e [0,1), 


and ()5.24l) follows. 


Step 3: Proof of ()5.26p and conclusion of the Proof of Theorem{^ From (j5.16l) and (j5.17l) . we write 
the following system verified by {drU,drV), for all r G [0,1) for all ^ G M, 

dridrU) = A^idrU) + qp{drV)\V\'l-^V + p\U\P-\drU) 

dridrV) = A^{drV) + ,iqV^ ((^.u)|uj"-V) +pv {\u\p-^drU). 

Using ()5.23l) and (j5.24p . and classical parabolic regularity, as in Steps 1 and 2, we see that (I5.26P follows. 
Then, as in m, we have that limT-^.i U(xo, 0, r) and 1™,-^.! U(xo, 0, r) exist for xq sufficiently small. 
Moreover, using (I5.23P and (|5.24l) . we see that 


and 


lim C/(xo,0,t) ~ UiCoPl) = (6iLo) > as xq ^ 0 , 

c 

I lim U(xo,0,t)| < - y, 

|iog(r-to(xo))r 


(5.29) 


(5.30) 


for jxoj small enough, where j' is defined in (I5.19p . Recall from the beginning of the proof Part (iii) 
of Theorem [1] (see Part 1 page 05]), that u{xo,t) := u*{xo) and lim^^T’Vu(xo, t) := dxU*{xo). 

Therefore, from the definitions (|5.11l) and (I5.12p of U and V, we write 

U{xo,0,t) 


u*{xo) = lim u{xo,t) = lim 

{T - to{xo))i^ 




r\j 


as xo —>■ 0 














































48 


S. TAYACHI AND H. ZAAG 


and 


Using ()5.10l) . we have 


lim dxu(xo,t) 

_ 

lim . 



{T-to{xo))—^-^ 


< 


C 


1 


log |xo| ~ - log(r - io(xo)) and T - to{xo) ~ |^^|| 2/3 


(T - to{xo))p-^^^ |log(r - to(a;o))r' 

koP 


, as xo ^ 0 . 


Hence, 


and 


u*(xo) 


/ fe|xo|^ 


1 

P-1 


V[2|log|xo||] 


|5a,tt*(xo)| < 


2/3 


as xo —>■ 0 , 


p+1 

C\xo\ p-i 


|log|xoir' 

Since 7 = min (2/3 + 1, 5^ — 1) — e with e > 0 by (15.6p and 7 ' = min (7 — 3/3, by (I5.19p . we easily see 
that 


y-27= I 7 V 

I 2(p-l)^ 


- e, if 3 < p < 7 
- e, if p > 7. 


This concludes the proof of Theorem [TJ 


□ 


6. Stability 

In this section we will prove Theorem [2l In fact, the stability is a natural by-product of the existence 
proof, thanks to a geometrical interpretation of the parameters of the finite-dimensional problem (i.e. 
(doi di) in (|4.2[) 1 in terms of the blow-up time and the blow-up point. 


Let us first explain the strategy of the proof, and leave the technical details for the following sub¬ 
section. Finally, in the third section, we briefly conclude the proof of Theorem [2l then state a stronger 
version, valid for blow-up solutions having the profile (jl.5h only for a subsequence (see Theorem [2f page 
[58] below). 

6.1. Strategy of the proof. Let us consider u the constructed solution of equation dni) in Theorem 
[H and call uq hs initial data in IT^’°°(M), and T its blow-up time. From the construction method in 
Section 4 (see Proposition 14.4p , consider A> 1 such that 

Vs > — logT, {/(s) G 'd^{s), (6.31) 

where 

v{y,s) = w{y,s) - <f{y,s), w{y,s) = e~^u f - (6.32) 

and (/? is defined in (I2.2ip (here and throughout this section, we consider the constant K defining the 
truncation in (|3.9I) as fixed). Now, we consider uq G IF^’°°(M) such that ||eo||iyT°°(R) is small, where 

So = uo-uo. (6.33) 

We denote by the solution of equation (II.ip with initial data uq and T{uo) < -(-00 its maximal time 
of existence, from the Cauchy theory in IF^’°°(M). 

Our aim is to show that, for some Hq > 0 and (Tq > — log(r), large enough, if eo is small enough, 
then T{uq) is finite, and Uuq blows up at time T{uo) only at one blow-up point a{uo), with 

T{uo) —T, a{uo) —)• 0 as eo = uo ~ —)• 0 in IF^’°°(M), 


(6.34) 
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and 

'^T{uo),a{uo),uoi^) ^ ^Ao(®) 
for s > So large enough, where, for any (T, a) € M^, we introduce 


VT,a,uo{y,s) = WT,a,uo{y,s) - (p{y,s), (6.35) 

and wt a uo is the similarity variable version centered at (T, a) of Uuo{x,t), the solution of equation 
dni) with initial data uq. More precisely, we have 

WT,a,uoiy,s) = {T -t)^u{x,t), y = {x -a)/VT -t, s = - log{T -t). (6.36) 


Indeed, with the estimates of Section 5, we deduce that Uuq satisfies the same estimates as u, given in 
Theorem [TJ which is the desired conclusion of Theorem [2j Note that for the moment, we don’t even 
know that T{uo) is hnite, hence asking the question of the existence of a(uo) is non relevant and talking 
about VT(uo),a(uo),uo is meaningless at this stage. 

Anticipating our aim in (|6.34l) , we will study vt, a, uo j where (T, a) is arbitrary in a small neighborhood 
of (T, 0), hoping to have some hint that some particular value (T(uo), a(tto)) close to (2^,0), will cor¬ 
respond to the aimed (T(uq), a{uo)). Note that all the VT,a,uo satisfy the same equation, namely (13.2p . 
for all (y, s) £ R x [— logT, — log(T — T(tto))+) (by convention, we note — log(0+) = oo). Introducing 

e(x, t) = u{x, t) — u{x, t), for all x £ R and 0 < t < min(T(uo), T), 


we see from (I6.35p . (I6.36P and (|6.33l) that for any (Tq £ [— logT, — log(T — T(tio))+), we have 
— 1 r <^0 / _ 

VT,a,uo{y,so) = ^p{ao,uo,T,a,y) = (l-Fr)p-i v{z,ao) + (p{z,ao) +e p-^e[e~~z,T - 


with 

/V <7Q - - 

T = (T — T)e^°, a = ae ^ , sq = so{ao, r) = ao — log(I -|- r) and z = yv 1 + t + a 


-^{y,so) 

(6.37) 

(6.38) 


(note that we used the fact that 


V = - = Wrf, n - — ip = W — (p, 

1 , 0 ,uo i ,0,110 “ 

which follows from (|6.32l) and (|6.361) 1. 

In this context, 'ijj{ao,uo,T,a,y) appears as initial data for equation (13.21) at initial time s = sq- 
Though the initial time sq = so((To,r) is changing with T, this reminds us of an analogous situation: in 
the constructing procedure in Section 4, we had initial data ipso,do,di l!4.2p at s = — logT, for the same 
equation (13.2p . depending on two parameters {do,di). 

What if by chance, the application {T,a) i-A ip{ao,uo,T, a) satisfies the same initialization estimates 
as {do,di) i-A ipso,do,di (See Proposition f 

In that case, the construction procedure would work, starting from ip{ao,uo,T, a,y) at time s = sq, 
including the reduction to a hnite dimensional problem, and the topological argument involving the two 
parameters T and a, resulting in the existence of {T(uq), d{uo)), such that equation (j3.2h with initial 
data at time s = sQ) '(p{fXo,uo,T{uo), a(tto)), has a solution v^^^uo such that 

V s > So, Vao,uo(.s) £ dAois). (6.39) 

But then, remember that by dehnition, ipf(uo),a(uo),uo initial data also at time s = sq dehned 

in (I6.38p . for t’f(uo),a(iio),iio(^’another solution of the same equation (13.21) . From uniqueness in 
the Cauchy problem, both solutions are equal, and have the same domain of dehnition, and the same 
trapping property in '!?yi(,(s). In particular, recalling that dehned for all (y, s) £ 

R X [—logT(rto), — log ((T(mo) — 2~'(uo))-i-))) this implies that 

f{uo) = T{uo), 
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and 

V S > SQ) '^T{uo),a{uo),UQ{yi '®) ~ ^cro,uo {V: s) 

and from (j6.39p . we have 

V S > So, VT(uo),a{uo)^uois) £ '&Ao (s). (6.40) 

Using our technique in Section [5l we see that our original function blows up in finite time T{uo) only 
at one blow-up point, a(Mo), and that u{x — a{uo)) satisfies the profile estimates given in Theorem [H 
Of course, all this holds, provided that we check that the application (T, a) i-A '0 (cto, uq, T, a) satisfies 
a statement analogous to Proposition 14.51 and that we show that 

T{uo) -A T, a(uo) —)• 0 as eo = uo ~ "^0 ^ 0 in 

Let us do that in the following subsections. 

6.2. Behavior of “initial data” ijj for {T,a) near (T,0). As explained in the previous subsection, 
here, we are left with the proof of an analogous statement to ProDosition l4.5l for initial data V’((To, uq, T, a) 
(j6.37p as a function of {T,a). This is the new statement: 


Proposition [475? (Properties of initial data 'ijj{aQ,UQ,T,a) (I6.37p f There exists C > 0 such that 
for any Aq > CA, there exists (To(Ao) > 0 large enough, such that for any ao > do(Ao), there exists 
eo(o'o) > 0 small enough such that for all uq G ,co (uo,eo(<7o)) := {u G W^’°° | \\u - uo\\wi , oo < 
eo(o'o)}, the following holds: 

(i) There exists a set 


'DAo,ao,uo c {(r,a) I |r-r| < 


2e-"Mo(p-l) 


na, 


2/3+1 


e ° Ao(p-lf 

|a| < -;-}, 


bnai 


0 


(6.41) 


whose boundary is a Jordan curve such that the mapping 

{T,a) I-+ sl^^^{'il}Q,'4)i){ao,uo,T,a) where sq = SQ{ao,T) = gq - log(l -h r) 


is one to one from 'Dao,(tq,uo onto [—Aq,Aq]'^. Moreover, it is of degree —1 on the boundary. 

(ii) For all (T,a) G '^{o'o,uo,T,a) G i9ao('So) with strict inequalities except for the two 

first, namely {fio,'ijji){ao,uo,T,a), in the sense that 


-An - C\/A - sA 

\fim\< rn = 0,1, \fi2\ < , lV’-(y)| < — (1 + |y^|), V y G M, 

(hi) Moreover, for all (T,a) G we have 

cA‘^ - cA^ 

I|Vi/^||loc(k) < and \Vfi-{y)\ < ^^(1 -h |y|^), V y G 




cA^ 

o7-3/3 ■ 


Remark 6.1. Since 'ip{aQ,uo,T,a) is the considered initial data for equation (13.2p at time s = sq, we 
naturally decompose it according to (13.101) - (13.131) with s = sq defined in (j6.38p . 


In fact, this statement follows directly from the following expansion of uq, T, a) (|6.37p for (T, a) 
close to (T, 0): 

Lemma 6.2 (Expansion of modes for {T,a) close to (T,a)). For uo > 0 large enough, there exists 
C'o(<7o) > 0 such that for any 

„ „ 1 , , 1 , , 

\t\ < -, |a| < 1, 


we have the following expansions: 


(6.42) 
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(i) 110) 7", a) ~ po(to) ~ + ^ 2/3+1 + ^ + |Ta| + |ap) + 

C'o||eo||wu°°(R), 

^ a I < (71'e-o'o'^ -L + l«ly^ -Lr^ -L I —I -l U,|3^ 

' CTO ^ . 

C'olleollvFi.' 


(ii) l(^)^^’^Vi(<7o,iio,r,a) -'Oi(cro) + < C{e ^0" + + |ra| + jap) -h 


(iii) 1V’2('T0) UQ^T,a)\ < + Cdrl + + |ap) -|- C'o||eo||iyi.oo(M), 

(iv) \sQ‘^^~^dr[sl^^^'ipQ]{aQ,UQ,T,a) - < C{^ + |r| -h |a|) + C'o||eo||vFi,oo(R), 

(v) |5 i-[(||)^^'''^^i]((To,iio, 7",«)| < C'(^ + kl + l«l) + C'o||eo||wF°°(R)) 

(vi) |9„'0o(fTo,uo,T,a)| < C'(- 

2fi+i 1^1 H + a^) + ColleolIwu^IR); 


l«l^ 


Vlll 


i+¥F 

(ix) ||i/ie(<To,no,r,a)| 


^0 *^0 

2bK 1 I ^ ri/ Va , i_i , A\a\ , ^2\ 

— I'lA ■*■ I'^'l ■*■ ) + C^olkolliyi.o 


(vii) \da'tpi{(TQ,UQ,T,a) + < C'(^4/}-i + kl + + a ) + CoHeoHiyi’' 

yi- {ao,uo,T,a,y) 

L°°(R) *^0 1^0 *^0 

\Loom\ < C{ ^_30 + |r| -I- -I- ColleollwLa 

V ; (Tq ^ ^0 

(x) ||VVi((To, Uo, r, a)||x,oo(K) < ^ ^olkollwL°°(R); 

< c{^ + + ^)+c^oikoiii 


XI 


Vy’-(CT0,M0,T,a,y) 

1+l^p 


-7-3^ 
^0 




|VF1.° 


Remark 6.3. j4s already stated in R.emark \6.1[ we decompose 'll) according to (j3.inp - (l3.1.Sp with s = sq 
defined in ()6.38[) . 


Indeed, let us first use this lemma to derive Proposition 14.5f . then, we will give its proof. 


Proof of Proposition \4.^ assuming that Lemma \6.2\ holds. 

(i) Introducing the following change of functions and variables: 

?/:m(<To,eo,T,d) ='So^'^^Vim(o'o,iio,P, a) for m = 0,1, £0 = 110-110, f = and d = fJoa, (6.43) 

we readily see from the previous lemma that whenever 


||£o||u/l,oo/•^^l^ < 


1 


2P+1 

Ifl < ^0-, 


|d| < uo. 


^ Co(ao) 

and (To is large enough, it follows that 

i7 / - 2/3+1.. / N KT . 1 |d| O? ludL 

h/’o(<70, ^0, T, «) — <To l’o('To) T <o(- 23^ ' 2R+T “* ) 

p-1 (To^P 1 al ^ flQ To (Tn^+ To 


, C'I«P , ^ _2/3+l||, II 

-2(1-/3) I|£o||wf°°(r), 


(6.44) 


Tn 


I , / N 2/3+1.. / N 26k 2/3+1 -rp-^ \t\A^ |d|v^ |Td|, 

IV^i(To,go,r,«)-To^+ i;i(to)+ (p_ 1)2 0^1 g ° +^;b8+ 2/3-1 + 


o: 


^ 2(l-/3) ^OTq^ l|go||vFU 
0 


7-3^ ' 2/3-1 ' 2,a+l 

To ^0 

2/3+1, 


T, 


(6.45) 
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and 


Jacf,a(o-o,eo,'0o,'0i)(T,Q:) = 


n 

p-i 


0 - 


2bK 

(p^ 


+ C(. 


\/A 

20-1 

<Tn 


T 

+ — + 


a 


O'O O-Q 


+ 


a 


2(1-0) 


) 


cr, 


0 


+ C'oo'o^lko||iyi.° 

Consider now > 2A, ag large and eo such that 

||eo||vyi.°°(R) < eo(o'o) = 


1 


<7o^^^Co(c7o)' 


(6.46) 


From the above-mentioned expansions, we see that for (Jq large enough, the function 

(f,d) i-A ('ipo,ipi)(cro,,£o,r,a) 
is a diffeomorphism from the rectangle 




2(p-l)Alo 2(p-l)Alo 


(p - 1)2^0 (p - l)^-4o 


bK bn 

onto a set £ao,(to,uo which approaches (in some appropriate sense) from the rectangle [(Tq^"'~^£'o(o'o) ~ 
2Ao,al^^^vo{ao) + 2Ao\ x vq{<^i) - 2^o, o-o^’^^lli(o'o) + 2 ^o] as uo oo. Since v{ao) G ??^(cro) by 

(j6.31l) . hence Vm{(yo)\ < ^ for m = 0,1, we clearly see that 

[ ^0)^o] c £aq,uq,uq 

for (Jo large enough, hence, there exists a set VAo,ao,uo C 'R-Aq such that 

('*^0)'0i)(o'O) eO) ^’Ao,cro,wo) = [—Aq^Aq^'. 

Moreover, from (|6.44l) - (l6.45p . the function (^/^QjV’i) has degree —1 on the boundary of 2?Ao,(to,«o- Using 
back the transformation (j6.43l) gives the conclusion of item (i). 

(ii) Take (T,a) G Pao,(to,-uo and let us check that ip{ao,uo,T,a) G 'dyi(,(so). 

First, from item (i), we know by construction that \'iljmio'o,uo,T,a)\ < for m = 0,1. For the 

other estimates to be checked, note first from (j6.41l) and the definition (j6.38l) of (r, a) that we have 

2Ao{p-l) ^o(p-l)^ 

T < -TTwr-i— and \a\ < 


Ka, 


20+1 


bnao 


Therefore, using (I6.46p then items (iii), (viii) and (ix) of Lemma 16.21 we see that for uo large, we have 


\'il^2icro,Uo,T,a)\ < 


O-fi 


ip-{ao,uo,T,a,y) 


1 + |y|' 


CA 

jU 

^0 


< 7 > 

Un 


A^o,uq,T, a) 


cA^ 

- 

(An 


If ^0 ^ CA, for some large C > 0, then we see that the conclusion follows. 

(iii) The conclusion follows from items (x) and (xi) in Lemma 16.21 proceeding similarly to what we did 
for item (ii). 

This concludes the proof of Proposition 14.5f . assuming that Lemma 16.21 holds. □ 

Now, we are left with the proof of Lemma 16.21 


Proof of Lemma \6.B . The proof is similar in the spirit to the case of the unperturbed semilinear heat 
equation (with /i = 0 in (ll.ip 'l treated in [22] (see Lemma B.2 page 186 in that paper). However, due 
to the difference of the scaling in the profile ip (|2.2ip (we had /3 = ^ in [22] whereas we have (3 = 2 {]^i) 
here), we need to carefully give details for all the computations in the proof. 

From p6.37p . we write 

ipiao, uo, T, a, y) = f[)^{y, sq) + C^{y, sq) + fA{y, sq) + C^{y, sq) 
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where 


'<P^{y,SQ) = {l + T)p-'^e ^e(^e z,f - e , 'il;‘^{y,so) = {1 + T)p-^v{z,ao) 

'il^^{y,so) = {l + T)^ipiz,cro), 'ilj^{y,so) =-ip{y,so), (6.47) 

where r, a and sq are given in (|6.38p . In the following, we proceed in 4 steps, to prove analogous 
statements to Lemma 16.21 with xp replaced by for i = 1,... , 4. Of course. Lemma 16.21 then follows by 
addition. Note that as for ?/>, we decompose i/), according to (j3.1UI) - (l3.13|) with s = sq (I6.38|) . This also 
justifies the lighter notation sq), where we insist on the dependence on the space variable y and 
the time variable sq corresponding to the initial time where '0 is considered (see Remark 16.ip . 


Step 1: Expansions of 

Let us first note that since equation (jl.ip is wellposed in IT^’°°(]R) through a simple fixed-point 
argument (see paged]), it follows that 

lk(T’ - ,^(R) < Co||eo||wi,oo(K)) 

whenever ||eo||vFi,„,(]R) ^ some Cq = Co{ao). 

Therefore, using our techniques throughout this paper, we clearly see that for uo large enough and (r, a) 
satisfying ()6.42p . we have 


+ 


IV'o('So)| + \'lpl{so)\ + |l/' 2 ('So)| + |5r[( —)^^+Vo](so)| + l^r [( —VI] (so) I + |'9aV('So)| + |5„V(so)| 

<T0 O-Q 

+ |Ve(' 5 o) Voom) + ||V'(/5^(so)||l°o(K) + 

L°°(K) 


1 + jyp 

<C||e(f-e-'^°)||H^, 


O'o_ 
V'ipl{y,so) 


1 + \y\' 


< Colkollwi, 


Step 2: Expansions of 

Anticipating Step 3, where we handle we note that both functions and are of the form 
1 . 

(1 + t)p-''^ g{z,ao), where 5 (<to) S IT^’°°(M). For that reason, we can handle both functions at the same 
time, by first expanding in the style of Lemma 16.21 a function g defined by 

9{yi So) = (1 + g{z,aQ) where z = yVl + t + a and sq = <to - log(l + r), (6.48) 

where g{c7o) € VF^’°°(]R). The following statement allows us to conclude for 























54 


S. TAYACHI AND H. ZAAG 


Lemma 6.4 (Expansions of ( 7 (y, cjo)). If §{(^ 0 ) € VE^’°°(]R) and g is defined by ()6.48p . then, the following 
expansions hold for gq large enough and (r, a) satisfying (j6.42p ; 


(i) 


(iii) 

(iv) 

(v) 

(vi) 

(vii) 

(viii) 

(ix) 

(x) 

(xi) 


( —)^^'^i5'o(so) = 9 o{cro) ( 1 + 

do \ p-1 


+ 0 {agi{ao)) + 0((|r| + a^)g 2 i(To)) 


+ 0((e °'o + + — + |ra| + |an||g'(fJo)||L°c), 


=gi{(^o) (^1 + ^ 2 {p-^l) ) ^“^2(0-0) + 0(53 (f^o) (I 


t| + a^)) 


2/3 r, T O 

+ O((e“°'o + 7-2 + Li + |7-Q,| + |ap)||5'(fJo)||L“), 


O-Q 


.2/3 


92 ( 30 ) = 52 ( 0 - 0 ) + O(53(o-o)a) + O(54(o-o)a ) + 0((e '^0 + |r| + |an|| 5 r((To)||Loc) 
~^'^~^dr\sl^^^go](so) + 0(52(0-0)) + O((cro ^ + |t| + |a|)||fi((cro)||Loc), 


p-1 


9 r[(—)^^’^^ 5 i]('So) =0(51(0-0)) + 0(53(0-0)) + 0((crQ ^ + |r| + |a|)||5(cro)||Loc), 
o-o 


2/3 


'9a5o(so) =0(51(0-0)) + O(a 52 (o-o)) + 0 ((e '^0 + |t| + a 2 )|| 5 (o-o)||L°° 


2/3 


'9«5i(so) =252(0-0) + 0(053(0-9)) + 0((e -\-\r\ + a^)\\g{aQ)\\Loo), 


9-(y,so) 


<C 


L°°( 


5 -( 2 , 0 - 9 ) 




+ C* ( 0 - 9 “^^ + |r| + |q;|^^ ||5(o-o)||io 


1 + |5|^ 

+ C\a\ (|5i(o-o)| + 152 ( 0 - 0 ) 1 ), 

|| 5 e( 5 ,so)|li,oo(R) < ||5e(2;,o-o)||7^oo(R) + 0 (|t| + |a|)|| 5 (o-o)||i,° 
11 ^ 5 ( 50 )||l°°(r) <0||V5(o-o)||ioo(R), 

+ 0 ||V 5 (o-o)||x,oo(r 


'^9-(y,so) 

<c 

Vg-(z,Go) 

1 + I 5 P 

L°°(R) 

1 + 2:^ 


+ 0 ( 052 ( 09 )) 


+ 0 ( 053 ( 0 - 9 )) + 0 ( 0 ^ 54 ( 0 - 9 )) + C\\g(ao)\\L. 


G, 


... 

O-Q + \t\ + |o| 


Remark 6.5. We -would like to insist on the fact that the notation 0(g) stands here for a function 
bounded by O 5 , -where O is a universal constant, depending only on p and fi, the function x and the 
constant K > 0 defining the truncation in (I3.9p . 


Proof. The proof is straightforward from the definition of the decomposition in (I3.13p . As it is only 
technical, we leave it to Appendix lAl □ 


Indeed, using (I6.3ip . item (i) of Proposition 14.61 and parabolic regularity stated in Proposition 14.171 
(using the part of the proof with s > S 9 + 1 only), we see that for 0-9 large enough, we have 


CA 


v(go) G iIa(^o), |t’i(< 7 o)l < for 5 = 3 or 4 , 


(Jn 


l^(cro)||L'-(K) + l|Vi)(f79)||x,o 


cA^ 

< -^ and 

- _ 7 - 3/3 
O 9 


VV-(z,Go) 


1 + U 


Ci 2 


L°°( 


< ^ . 
erf 
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Using the definition of •d^ given in Definition (I4.2p . then applying Lemma 16.41 with g = v, we see from 
(|4.3p that for (Tq large enough, we have 


l(—) 2 ^’^iV’o(so) -'OoK)l < 

<T 0 


CA^e- 


2 /S 


cA'^ 


^7-3/3 + ( 1^1 + l«l ) + -mr + 

(Jr\ Ur\ Ur\ 


CA\a\ C\/I n 

H- T7r—ra^ 


(T. 


.4/3-1 


CA^e-^f CA^ /, , , . cVI, 


CT, 


.7-3/3 


+ 


O', 


.7-3/3 


|t 1 + |q:|^) -h 


O', 


.4/3-1 


a 


, -2 , ,, ^ Ca/I , , , 3. cA. , 

|iA2('So)| < 4^_1 H ^71^ (kl + l«| ) + 


O-fi 


0 -n 


0 -n 


^5r[So^^Vo](«o)l < 


^dr[sf^^1pl]{so)\ < 


\da'4’o{so)\ < 


cA^ cA^ . , ,, 

7-3^+1 7-3/3 (pi l“l) ’ 

cA^ cA^ ,, , , ,, 

7-3^-I-1 7-3/3 (l I ’ 

^0 

C-/I, , CA^ ,, , j, 

+ 7V5i!(PI+“) 


O', 


cA 


+ 


a 


0 




'4’-{y,so) 


< 


1 + I 2 /P 

I|vv; 2 (so)|Loo(k) < 


2/3+1 ^ 4/3-1 

cVA ci, , ci2 

+ (kl + « ) > 

PQ ^0 Uj 

Ci C\/I, , CA^ „ , , ,3, 11-2, ,11 

~7r + 4/3-1 l“l + 7-3/3 d"^! + l"l ) ’ lke('So)|| < 

0 O'n O'n 

C\/I, , (Ui 2 




O-r^ 


- 7-3/3 ' 

On 


VV’^(y,so) 


1 + |yp 


L°°( 


< — 
O'n 


4/3-1 

O'n 


+ ^_3/3 (kl + l«P) ■ 

O'n 


Step 3: Expansions of 'ip^ 

The hrst part of the estimates follows from Lemma 16.41 as for 1 /;^. The second part needs more 
refinements, which are eased by the fact that 'ip^ is explicit. 


In order to apply Lemma 16.41 with g = (p, we hrst introduce the following estimates on ip which follow 
from straightforward computations: 

For s large enough, we have 


99o(s) = «: + 0(s (P2{s) = -^s ^^ + 0(s (^i(s) = (/?3(s) = 0, (/?4(s) = 0(s 

II¥I’(s)||l°°(M) < c, 
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where a is introduced in (I2.23P . Applying Lemma 16.41 with g = (p and using the value of a in (I2.23P , we 
see that 


(To p - I 


^ 1 2 kl I I I iSn 

^0 ^0 "^0 


^0 {p - Ifaf 


1 


< + |r«| + |«|3), 


O', 


O-Q 


V’ 2 ('So) — — „ 2/3 ^ 1 1 + 0 ( 1 ''’! + l“l ) 


2(Ti 


cr, 


4/3 




p — 1 


^ 1 I + l“l 


(T, 


|cro ^97 -[so^^+Vi](so)| < (^(fJo ^ + |r| + |a|), 


\a 


2/3 


l'9aV'o('So)l < C* I ^+ e ‘^0 +\r\+a ), dai^tiso) =- 


cr. 


26k 


{p - 


+ ^ I I + 0 (l'''l +«^)- 


O', 


Now, for the remaining components, we need more refined estimates, based on the explicit formula of 
p defined in (I2.2ip . in particular the following, for cjo large enough and for all y G M, 


So) - p{y, cro)| < C |t| + 


a 


cr, 


2/3 


(1 + \y\^), I'lP^iy, So) - piy, cro)l <C { |t| + 


a 


cr'n 


|V3/’^(y, So) - V<p(y, uo)! < C 


+ 


\a\ 


(6.49) 


(for the second and third estimates, use a first order Taylor expansion, and evaluate the error according 
to the position of |y| with respect to 1). In fact, in Step 4, we will obtain analogous estimates for 
3^^(y, So). Therefore, as far as the remaining components are concerned, we wait for Step 4, where we 
will directly obtain the contribution of ii^{y, sq) + V/^(y, so) to those components. 

Step 4: Expansions of 

Here, we need to refine the estimates we gave for p in Step 3. From further refinements, we write for 
s large enough and for all y G M, 

2 ^ 2 / 3 -^ 2 (y)]| <c^, |a,^(y,s)| <CminQ, iJlpV |5,V99(y, s)l < ^. 


p{y,s) - 


K — 


Since il^^{y) = —p{y, sq) from p6.47p with so = uo — log(l + r), it follows that 


V’‘^(y,so) + 


K — 


2 a. 


2/3 


h2{y) 


, ^kl(l+ 2 /^) 

^ ^ 4y + 2/3+1 • 


(6.50) 


o-n 


CTn 


|V’'^(y,so) + 7’(y,cro)| < C'l+I min [ 




|Vi//'‘(y,so) +Vp{y,ao)\ < C\t\ 


a, 


-i-y 


Therefore, by definition of the decomposition (13.131) . we see that 
(—)2/3+iV’o(so) = -K + O(o-o'‘^) + 0(TCro ^), l/Sf (so) = 0, '(AI(so) = —^ + 0(o-(7^^) + 0 (t(To'^^"^), 


O-Q 

-2/3-1. r 2/3+1 74i 


2(7, 


C 


ko^'" ^(9r[So''’^Vo](so)| < —, 5r[So^’^Vl]('So) = 0, (9al/'o('So) = '9«3//f(so) = 0. 

O'O 
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As for the remaining components, we will directly estimate the contribution of '4>^{y,SQ) + 'ijj^{y, sq) . 
Using (I6.49[) and (j6.50p . we see that 


a\ 


\a\ 


IV' {y,SQ) AV' {y,so)\ < C'min<( ( |t| + ^ ) (1 + \y\ }, 1 kl + — 


O', 


Cn 


jV'ip^iy, So) + Vip^iy, so)\<C ^ 


(Tn 


CTn 


Using these estimates, we see that for all y € 


\'^-{y, So) + V'-Cy, so)| < Cl |t| + 


\a\ 


cr, 


2/3 


(1 + |yl^), So) + 3/’e(y,so)| < c |r| + 


a 




|Vi/;ii(y,so) + Vi/;l(y,so)| < C* ^ (1 + |y|^) 


O-'n 


CTn 


(use the fact that 


v-{y,so) 

< C 

v{y,so)) 

1 + |yP 

L°°(R) 

i + |yP 


|Vu_(y,so))| <C(||Vu(so)||l. 




cr, 


4/3 


which follow from the dehnition of the decomposition (I3.13|) l. 

Conclusion of the proof of Lemma \6.SX In fact, the conclusion follows by adding the various estimates 
obtained in Steps 1 through 4. This concludes the proof of Lemma 16.21 

Since we have already showed that Proposition 14.5f follows from Lemma 16.21 this also concludes the 
proof of Proposition 14.5f . □ 

6.3. Conclusion of the proof of Theorem [2] and generalization. In this subsection, we briefly 
explain how to conclude the proof of Theorem [2] from the initialization given in Proposition 14.5f and 
our techniques developed for the existence proof. Then, we give a stronger version, valid for blowing-up 
solutions having the prohle (11.51) only for a subsequence. 


Conclusion of the proof of Theorem{^ As we will see here, thanks to Proposition l4.5f . the stability proof 
reduces to an existence proof. Note that having an initial time sq ()6.38p for equation (j3.2p depending 
on the parameter T changes nothing to the situation. Note also that thanks to Proposition 14.5f . we 
may write a statement Proposition 14.6f analogous to Proposition 14.61 valid for A > C'A, for some large 
enough constant C > 0. Let us now briefly explain the proof of Theorem [2j 

Fix some Aq = max(C,(7') where C > 0 is introduced in Proposition 14.5f . and C' > 0 introduced 
above. Consider then an arbitrary > 0, and fix uo large enough, so that 

crn r\ 

2 e-^°Ao{p-l) e~~Ao{p-l)^ 

H-;-< V- 


Ka, 


213+1 


hnao 

Then, take initial data uq G i?^i,oo(]R)(ho, eo(<To)); where £ 0 ( 170 ) is defined in Proposition 14.5f . As 
explained above in the strategy of the proof, we hnd some parameters (T'(tto), a(uo)) satisfying 

\f{uo)-f\ + \a{uo)\<r], (6.51) 

such that 

V S > So = 0-0 - log(l -b (r(no) - r)e'"°), 3 ;f(no),a(«o),no('S) ^ ^Ao (s) ■ 
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In particular, u{x,t) blows up at time T{uq) = T{uq), only at one blow-up point a(uo) = a(uo), with 
the prohle (ll.5j) . Since r] is arbitrary in (j6.5ip . this means that 

{T{uo),a{uo)) -t (T, o) as uo uo- 

This concludes the proof of Theorem [2l □ 


Validity of the stability result: As a concluding remark, we would like to mention that our stability 
proof works not only around the constructed solution in Theorem (H but also for blow-up solutions 
having the profile (11.51) only for a subsequence. More precisely, this is our “twin” statement for the 
stability result stated in Theorem [2 


Theorem [2f (Stability of blow-up solutions of equation (jl.ip having the profile (jl.5p only for a subse¬ 
quence) . Consider u{x,t) a solution to equation (jl.ll) with initial data uq, which blows up at time T 
only at one blow-up point a, such that 


V, 


T 




< 


CA^ 

„7-3/3 


and 


Vu 


T,d,UQ 




1 + |y|' 


— ~~7f~ ’ 


(6.52) 


for some A > 0 and for some sequence Sn —t oo, where is defined in (16.,151) . Then, there exists 

a neighborhood Vq of uq in IT^’°°(M'^) such that for any uq £ Vq, Equation dEU) has a unique solution 
u with initial data no, n blows up in finite time T{uq) and at a single point a(no). Moreover, (jl.4p is 
satisfied by u{x — a{uo),t) (with T replaced by T{ufi) and for all t € [T'(no) — e“®"o,T(no)) for some 
no £ N, not just for a sequence). We also have 

T{uo) —)• T, a(no) a, as no —)• uq in iy^’°°(M'^). 


Remark 6.6. As a consequence of this theorem, we see that n has the profile (11.51) not only for a 
sequence, but for the whole time range [T(no) — e“^"o,T(no)) (in particular, (j6.52p holds also for all s 
large, and not just for a sequence) . In other words, having the profile (jl.5h only for a sequence (together 
with some estimates on the gradient) is equivalent to having that profile for the whole range of times. 


Appendix A. A technical result related to the projection () 3 . 13 p 
In this section, we prove Lemma 16.41 

Proof of Lemma \6.4\ Consider uo to be taken large enough. We assume that (r, a) satisfies (|6.42p . 
(i)-(ii) Consider m = 0,1, 2. From (I3.13p . we see that 


gmiso)= / giy,so)kmiy)x{y,so)p{y)dy, 

Jr 


where km{y) and x(?/, sq) are given in (|2.9I) and (|3.9I) . Using (|6.48l) and making the change of variables 
y ^ z, we write 

gm{so) = {1 -£T)Wi ~2 / g{z,ao)km{y)x{y,So)p{y)dz. 

Jr 

First, note that one easily checks that 


(A.53) 


\sr^-ar^\<C\r\ar, 

c 

\xiy,so) - x{z,ao)\ < {\zt\ + |a|) 


p{y) - p{z) 


, o? a 2r -|- o 

1 -h -2: H-2 

4 2 8 


< C (r^ -I- |tq:| -I- |q:|^) {p{z)) 5, 


(A.54) 

(A.55) 
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whenever (r, a) satisfies (j6.42l) . Then, we give the following conversion table for the polynomials involved 
in the expression of Qm- 


(l+r)p-l ^kra{y) 


a 2t + n 


= 1 + 


p-i 
(p + 1 )t 
2(p-l) 

Recalling that 


ko{z) + aki{z) + (2 t + a.^)k 2 {z) + + |ra|)(l + \z\'^)) if m = 0, 


= 1 + 


ki{z) + 2ak2{z) + 3(2t + a^)k 3 {z) + + \Ta\ + |a|^)(l + l^l^)) if m = 1. 


9j{<^o)= / 9{z)kj{z)x{z,(JQ)p{z)dz, 

Jn 


(A.56) 


the result follows for items (i) and (ii). 

(hi) Now, we take m = 2. The proof follows the same pattern as for the previous items, though we need 
less accuracy in r. Indeed, we need this less precise version of (IA.55P : 


p{y) - p{z) 


2 2 
a a a 9 


<C{\t\ + |a|^) {p{z)fi. 


As before, we need the following expansion: 


(l + r)p-i ‘^k2{y) 


2 2 
a a a 0 


= k 2 {z) + 3 ak3{z) + Qa^ki{z) + 0(|r| + |ap)(l + z'^)). 


Using (IA.54P and (IA.56P yields item (ii). 

(iv)-(v) Take m = 0 or 1. From (I6.48h and (jA.58p . we write 

-2P-lr^ r 2/3-I-1- 1 / ^ 1 9m{so) (2/3 + 1) _ 

+ (1 + J g{z,i7o)d^y (Ifcm_i(y)x(y. ^o) + km(y)dyx{y,SD) - |^m(y)x(y.so)j p(y)dz 

+ (l + r)““2 / g[z,ao)km{y)drSodsx{y,so)piy)dz, 

Jk 

with the convention that k-i[y) = 0. Noting from (I6.48P and the definition (13.91) of x that 


y ^ /TT— ’ "-T— \^yX{y, 'So)| < -Si 

\/^ + T 2 ( 1 + r) 2 cJq 

1 C 


yrll-'iaf""}’ 


(A.57) 


9rS0 = -—-, |5sX(y,S0)| < — 1 


1 + r 


uo 


then, using the various estimates presented for the proof of items (i) to (iii), we directly get the conclu¬ 
sions for items (iv) and (v). 

(vi)-(vii) Take m = 0 or 1. From ()A.53p . we write 

•9offm(®o) 

={1+t)~~^ J^g{z,ao)day (^^k'^_^{y)x{y,so) + km{y)dyx{y,so) - ^kra{y)x{y,so)^ p{y)dz. 


Note that 


day = -- 


VT+T 
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Using this even less precise version of (|A.55I) : 




< C(|t| +a^) (p(z))4, 


piy) - P{z) 

together with (|A.54p and (IA.57p . we see that 

/ ^ _ CX / Ql \ 2/3 r> 

9a5o(<7o) = J^s{z,cro)^— (^1 + -^zj p(z)dz + O((e~'^o + |t-| + a^)\\g(ao)\\L‘=^), 

daPiicTo) = J^g{z,ao) ^ f Pi^)dz + O{{e~'^o^ + |r| + a^)||5(cro)||Loo). 


Since 


z — a 


{z — a)‘^ 1 


(^1 + = ki{z) + 2 ak 2 {z) + 0 (a^(l + z^)), 

- 0 (l + ^z^ = 2k2(z) + Gaksiz) + 0(a^(l + |z|^)), 


arguing as for the previous items gives the result, 
(viii) From (I3.13p . we write 


9-{y,so) = x{y,so)9{y,so) - ^5i('So)/ii(y), 


i=0 

2 


9-{z,ao) = x{z,ao)9iz,ao) - '^gi{(7o)hi{z). 

1=0 

Making the difference and using the definition (I6.48h of g, we see that 

9-{y,so) - g-iz,ao) = g{z,ao) (^(1 + T)F^"2x(y,'So) - x(^,cro)) 

2 2 
- ^ {9i{so) - 9i{o-o))) hi{y) + '^gi{ao) {hi{z) - hi{y)) . 

Since we have from (IA.54p . 


(A.58) 


i=0 


i=0 


C 


\a\ 


(1 + T)r-1 ^x{y,SQ)-x{z,(jQ) <C\t\ +— {\Ty\ + \a\)l^^y^^K^p^ < d |r| + ^ (1 + |?/| ), 

<^0 ° V ^0 / 

(A.59) 

and from the dehnition p2.8p of hi, 

ho{y) - hQ{z) = 0, \hi{y) - hi{z)\ < C{\a\ + \Ty\), |/i 2 (y) - h 2 {z)\ < C{a^ + \ay\ + |r|y^), 
and from p6.48p 

1 + |2|3 < 2(l + |y|3), (A.60) 

we see that the conclusion follows from items (i)-(iii) (use the fact that |g(j((To)| < C for 

j = 3,4, which follows from (I3.12p i. 

(ix) From p3.1ip . we write 

9e{y, So) = (1 - x{y, so))g{y, so) and ge{z, uq) = (1 - x{z, crQ))g{z, uq), 
therefore, by definition p6.48l) of g, we have 

5e(y, So) = ge{z, do) + f [(1 + r )“"2 - ij [1 - x{y, so)] - [xiy, c^o) - xiz, so)]) g{z, ao). 
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Since we have from the dehnition (j3.9p of x and the expression (I6.48P of y, 

(j 

lx(y,so) -x( 2 ,o-o)| < —(|yr| -h < C'd'^l + |a|), 

(To 2 0 2 0 

the result follows. 

(x) The result follows from the differentiation of (j6.48p : 

^g{y, So) = (1 + r)Tn + 2 fjo) with y = z^I + t + a. 

(xi) Differentiating (|A.58p . we see that 

V5-(y,so) - Vl + TVg-{z,ao) = Vl + TVg{z,ao) (^{1 + T)~~^x{y,so) -x{z,cro)^ 

+ giz, o-q) ((1 + t)“" 2 Vx(y, so) - Vl + rVxiz, uo)) 

2 2 

- X] ^9i{so) - gi{ao))) ihi-i{y) + '^gi{ao)i {VTTrhi-iiz) - hi_i{y)) . 

2=0 


Since 


(l + r)p-i 2 Vx(2/,so) - Vl + rVx(^,o-o) < +-^(lry| + |q(|)1^k< 


cr. 


cr, 


2/3 ' 


c 

- 

^0 


a 


(|r| + ^)(l + |i/n 

<Tn 


by definition (j.S.9l) of Xj using the fact that 

|a/1 + Tho{z) - ho{v)\ < C\t\ and |Vl + Thi{z) - hi{y)\ < C (|ti/| + |a|) , 
we derive the conclusion from pA.GOp. (IA.59P toEiether with items (i)-(iii). 
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